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C4 ) INTEGRATION Worksheet A

1 Integrate with respect to x
a ¢ b 4¢* ¢ L a @
X X
2 Integrate with respect to ¢
a 2+3¢ b ¢+t ¢ t’-¢ d 9-2t"
7 1 1 1 2 3¢
L+ f le'—- -+ = h = -°>
¢ 7 Vi ER 372 5t
3 Find
3 -1, -2 2¢" +1
5—->) dx b + d dr
a J( x) J-(u u”) du c I 3
a [ 2 gy e [(e+3Vr) dr f [ @-21)dr
y X
4 The curve y = f(x) passes through the point (1, —-3).
2
Given that f’(x) = @, find an expression for f(x).
X
5 Evaluate
1 M 5 1 4 5_42
a jo (" + 10) dx b L (t+ ) dr ¢ L — dx
_[_1 6y+1 4 o .[3 (@ =) d f r 47 =3r+6 dr
-2 3y Y -3 2 2
In4 u 10 1 1 1 . 9 1 x
g | (7-¢) du h jé I+ 977 dr i L (= +3¢) dx
n X
6 VA
y=3+¢"
0 2 X

The shaded region on the diagram is bounded by the curve y =3 + ¢, the coordinate axes and
the line x =2. Show that the area of the shaded region is e” + 5.

7 VA

y=2x-|rl
X

X

) 1 4

The shaded region on the diagram is bounded by the curve y =2x + ! , the x-axis and the lines
X

x =1 and x =4. Find the area of the shaded region in the form «a + b In 2.
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C4 INTEGRATION Worksheet A continued
8 Find the exact area of the region enclosed by the given curve, the x-axis and the given ordinates.
In each case, y >0 over the interval being considered.
a y=4x+2¢e, x=0, x=1 b y=1+§, x=2, x=4
X
¢ y=4-1, x=-3, x=-1 d y=2-1¢, x=0, x=In2
X
3
e y=ex+§, x=1, x=2 f y=x_2, x=2, x=3
X X
9 YA
_ 7
y=9- - -2x
/\ X
0 / \ X
The diagram shows the curve with equation y =9 — 7_ 2x, x>0.
X
a Find the coordinates of the points where the curve crosses the x-axis.
b Show that the area of the region bounded by the curve and the x-axis is 114 —71n I.
10 a Sketch the curve y=¢"—a where a is a constant and a > 1.
Show on your sketch the coordinates of any points of intersection with the coordinate axes
and the equation of any asymptotes.
b Find, in terms of a, the area of the finite region bounded by the curve y=¢"—a and the
coordinate axes.
¢ Given that the area of this region is 1+ a, show that a = ¢’.
11 Y A
P
y=¢e
0 yg X
R
The diagram shows the curve with equation y =e". The point P on the curve has x-coordinate 3,
and the tangent to the curve at P intersects the x-axis at Q and the y-axis at R.
a Find an equation of the tangent to the curve at P.
b Find the coordinates of the points O and R.
The shaded region is bounded by the curve, the tangent to the curve at P and the y-axis.
¢ Find the exact area of the shaded region.
12

K@E(j%—4f,xeR,x>0

a Find the coordinates of the point where the curve y = f(x) meets the x-axis.
The finite region R is bounded by the curve y = f(x), the line x =1 and the x-axis.
b Show that the area of R is approximately 0.178
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C4 ) INTEGRATION Worksheet B

1 Integrate with respect to x
a (x—2) b (2x+5) ¢ 6(1+3x)° d (ix-2)
8 — 5x)* L _ 8 h !
e ( %) (x+7)* g (4x-3)° 2(5-3x)°
2 Find
3 — 1
a [ G+o de b [ Vaxr—1 dr c | o ¥
23 3 3e,
d [ dr e [ 5= dr £ [ se-2 de
1 7-3t . 4
g _[ = dy h J. Se dr i I o du
3 Given f’(x) and a point on the curve y = f(x), find an expression for f(x) in each case.
a f’(x)=8Q2x-3), 2, 6) b f’(x)=6e™"" -2, 1)
rey—n 8 1 PN — Qv 3 .
c f'(x)=2 el (3.4 d f’(x)=8x G (-1,3)
4 Evaluate
! 2 2 3 4 1
a jo (Gx+ 1) dx b L (2x— 1) dx c L e
b e+ 6 2 4
d [ &7 dr e [ V3x-2 dv f —
L - .7 (x-4Y
g J‘0 J7x+1 dr h J‘—7 5x+3 dv ! L ( 2 j dr
5 Find the exact area of the region enclosed by the given curve, the x-axis and the given ordinates.
In each case, y > 0 over the interval being considered.
a y=¢ 7 x=3, x=4 b y=0Cx-5), x=2, x=3
c y PR x=1, x=4 d y 2 x==-2, x=0
6 Y A

X

@)

12
2x+1)7°
Find the area of the shaded region bounded by the curve, the coordinate axes and the line x = 1.

The diagram shows part of the curve with equation y =
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C4 ) INTEGRATION Worksheet C

1 a Express S gy partial fractions.
(x+D(x+3)
b Hence, find J. _ xS
(x+1)(x+3)
2 Showthat [ > dr=1n|"2+c
(t— 2)(t +1) t+1
3 Integrate with respect to x
6x—11 b 14 —x ¢ 6 d x+1
Qx+1)(x—-3) x? +2x-8 2+x)(1-x) 5x% —14x+8

4 a Find the values of the constants 4, B and C such that

2
X6 4+ B C
(x+4(x-1D x+4 x-1
2
b Hence, find j X6
(x+4)(x-1)
5 a Express _—)6_42 in partial fractions.
(x+2)(x+1
2
b Hence, find I L_“Z dx
(x+2)(x+1)
6 Integrate with respect to x
2 2 2
3x2 -5 b x(4x2+13) ¢ ;c —x+1 d 2—26x+5x
x =1 2+x)"3-x) x"=3x-10 x“(1-2x)
4 _
7 Showthat [ — "% _ dr=2I3-In2.
3 (x—D(x-2)
8 Find the exact value of
3 2 _ 2
J‘ x+3 dx b J‘ 23.)c 2 dx ¢ J‘ . 9 dx
I x(x+1) 0 x"+x-12 I 2x"—-7x-4
2 _ 1 1
d J‘ 2x Tx+7 dx e J‘ 5x2+7 dx f J‘ 2+x .
Fo2x-3 0 (x+1)%(x+3) -1 §—2x—x
9 a Express ———, where a is a positive constant, in partial fractions.
X —a
b Hence, show that _[ dv = Lin +c.
xr—a’ 2a x+a
¢ Find I dx.
a —x
10  Evaluate
| 7 4 3
a J—1 x2-9 dv b I—% 1-x? dv ¢ J.0 2x% -8
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C4 ) INTEGRATION Worksheet D

1 Integrate with respect to x
a 2cosx b sin4x ¢ cos 1x d sin(x+ %)
e cos(2x—1) f 3sin(§ —x) g secxtanx h cosec’ x
i Ssec’2x j cosec Lxcotlx Kk 4 P
4 4 sin® x cos?(4x+1)
2 Evaluate
a _[% cosx dx b I% sin 2x dx c I% 2sec txtan Lx dx
0 0 0 2 2
3 3 2 5
_x
d J.O cos (2x— §) dx e J.% sec” 3x dx f J.% cosec x cot x dx
3 a Express tan® @ in terms of sec 6.
b Show that I tan’ x dx = tanx—x + c.
4 a Use the identity for cos (4 + B) to express cos” 4 in terms of cos 2A4.
b Find I cos’ x dx.
5 Find
a I sin® x dx b I cot’ 2x dx c I sin x cos x dx
d _[ Sinzx dx e j 4 cos” 3x dx f I (1+sinx)* dx
COS X
g J (sec x — tan x)* dx h J- cosec 2x cot x dx i I cos*x dx
6 Evaluate
a F 2cos’x dx b J-Z cos 2x sin 2x dx c F tan® 1x dx
0 0 %
d J; Scliizz); dx e '[; (1 -2sinx)* dx f J; sec” x cosec” x dx

7 a Use the identities for sin (4 + B) and sin (4 — B) to show that
sin A cos B= 1[sin (4 + B) + sin (4 — B)].

b Find I sin 3x cos x dx.

8 Integrate with respect to x

a 2sin Sxsinx b cos 2x cosx ¢ 4sin x cos 4x d cos(x+ ¢)sinx

BLBRERE, FBTESER. www.CasperYC.club



C4 ) INTEGRATION Worksheet E

1 Showing your working in full, use the given substitution to find
a _[2x(x2—1)3 dx u=x"+1 b Isin“xcosxdx u=sinx
c J. 32 +x°)* dx u=2+x’ d I 2xe” dx u=x"
e J‘% dx u=x"+3 f Isin2xcos32xdx u=cos 2x
(x*+3)
g J. 23x dx u=x'-2 h I xVl—x* dx u=1-x>
x° =2
i _[sec%ctanxdx u=secx j I()c+1)(x2+2x)3 dv  u=x*+2x
2 a Given that u =x*+ 3, find the value of u when
i x=0
i x=1

b Using the substitution u=x”+ 3, show that
! 2 2 N
.[o 2x(x"+3)" dx = L u” du.
¢ Hence, show that

j; 2’ +3)° dx = 121,

3 Using the given substitution, evaluate
2 2 3 2 T .3 )
a L x(x*—3) dx u=x -3 b IO sin” x cos x dx u=sinx
J’3 4x _ 2 T 2 2 _
c — dx u=x"+1 d Intan xsec’x dx  u=tanx
0 x"+1 -1
3 X 2 1o 3 2 3
=x" - + =x+
e L N dx u=x -3 f I—z xX(x”+2) dx u=x +2

=

g [ FU+e) dv u=l+e® [ @-2)07 407 dv u=x-4x

=
o

Using the substitution u =4 — x°, show that
2 23 _ [ 1,3
Io x(4-x7) dx = .[o su du.
b Hence, evaluate

joz x4 -2 dr.

5 Using the given substitution, evaluate

1 g 7 sinx
a _[ xer™ dx u=2-x b .[2 dx u=1+cosx
0 0 1+cosx
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C4 INTEGRATION Worksheet E continued

6 a By writing cotx as 2%

—— . use the substitution u = sin x to show that
smx

Icotx dx = ln|sinx| +c.

b Show that
I tanx dx = ln|secx| +c.
¢ Evaluate
Jf tan 2x dx.
7 By recognising a function and its derivative, or by using a suitable substitution, integrate with
respect to x
a 3x°(x’-2) b ™" cosx ¢ =
x"+1
d (2x+3)(x* + 3x) e xVx’+4 f cot’ x cosec’ x
g e h _cos 2x i x°
1+¢" 3+sin2x (x*-2)°
3 1 3
j o oo k x*(1+x) QN
X 5-x7
8 Evaluate
7. 2 0 e
a JO sinx (1 +cosx)” dx b L pae dx
z 4
c J.4 cot x cosec’ x dx d I zx;l
z 2 x"+2x+8
9 Using the substitution # =x + 1, show that
j X+ 1) dv = L (@dr -+ 1) +e.
10  Using the given substitution, find
a _[x(Zx—l)4dx u=2x-1 b I xv1—-x dx w=1-x
1 . 1 2
c dx = sin d dx =
J .. X u I oo X=u
2
e J(X+1)(2x+3)3dx u=2x+3 f I \/;Tz dx w=x-2
11 Using the given substitution, evaluate
1 2
a J2 L v x=sinu b I x(2 —x)* dx u=2-x
0 1-x2
1 > . 30X
c J 4—x" dx x=2sinu d I - dx x=3tanu
0 0 x"+9
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C4 ) INTEGRATION Worksheet F

1 Using integration by parts, show that

Ixcosx dx = xsinx+cosx+c.

2 Use integration by parts to find

a Ixexdx b I4xsinxdx c Ixc0s2xdx
d _[ xx+1 dx e J. e);* dx f Ixseczx dx
3 Using

i integration by parts,
ii the substitution u=2x+ 1,

find I x(2x + 1)’ dx, and show that your answers are equivalent.

4 Show that
2
IO xe dx = 1-3e”.
5 Evaluate
n 1 s

a ,[06 xcosx dx b .[0 xe® dx c I(: x sin 3x dx
6 Using integration by parts twice in each case, show that

a szex dx = ¢'(* = 2x+2) +c,

b J e'sinx dx = le'(sinx—cosx)+c.
7 Find

a sz sinx dx b Ixze3x dx c I e " cos 2x dx
8 a Write down the derivative of In x with respect to x.

b Use integration by parts to find

[ nx dx.

9 Find

a jlnzxdx b j3x1nxdx c I(lnx)zdx
10  Evaluate

0 x 2 2 ! -1
a L (x+2)e" dx b L Xlnx dx c j% 2xe™ ! dx
d J.O3 In (2x +3) dx e J? x* cos x dx f IOZ e sin 2x dx
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C4 ) INTEGRATION Worksheet G

I

ol 2 X

The diagram shows part of the curve with parametric equations
x=2t—-4, y= ; .
The shaded region is bounded by the curve, the coordinate axes and the line x = 2.
a Find the value of the parameter  when x =0 and when x =2.
b Show that the area of the shaded region is given by J 23 % dr.

¢ Hence, find the area of the shaded region.

d Verify your answer to part ¢ by first finding a cartesian equation for the curve.

%8
)

2 Y

X

—
N

The diagram shows the ellipse with parametric equations
x=4cosf, y=2sin6, 0<6<2m,

which meets the positive coordinate axes at the points 4 and B.

a Find the value of the parameter @ at the points 4 and B.

b Show that the area of the shaded region bounded by the curve and the positive coordinate axes
is given by

[ 8sin’6 do
¢ Hence, show that the area of the region enclosed by the ellipse is 8.

3 v A

-
X

The diagram shows the curve with parametric equations
x=2sint, y=5sin2t, 0<t<m.
a Show that the area of the region enclosed by the curve is given by I; 20sin 2¢ cos ¢t dt.

b Evaluate this integral.
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C4

INTEGRATION Worksheet H
1 Using an appropriate method, integrate with respect to x
a (2x-3) b cosec® Lx ¢ 2e%7! 26=h
x(x+1)
e i f x(x*+3) g sec’xtanx NT+2x
cos” 2x
i xe™ i Zx;z ;3 tan” 3x
x°=2x-3 4(x+1)
m 4cos’ (2x + 1) n 3x2 0 X sin2x x+4
1-x x+2
2 Evaluate
2 2x-3 3
a L 6¢ dx b '[0 tan x dx c I 3 dx
3 2
[} 0 dx e [ (1-20 dr f [’ sin’xsin2v dv
2 443x-x 1
3 Using the given substitution, evaluate
3 1
a [0 1 dr x=3sinu b [ x(1-3x) dr u=1-3x
0 oy 0
23 0 2 2
_[ = dx x=2tanu d I x“Ax+1 dx uw=x+1
2 4+x -1
4 Integrate with respect to x
a 2 b (x+1)e" % P d sin 3x cos 2x
5-3x 2x+1
2
_ 1 £ 3x"+6x+2 5 cosx
e 3xx—1) x* +3x+2 5 J2x-1 2+3sinx
. x? . 2 6x—5 2 —x
2 —cot k ——
i == j (2—cotx) = xe
5 Evaluate
4 i 2
J. L i b J-4 cosec” x cot’ x dx c I 7+
2 3x-4 z 0 2-x>3-x)
L 5 s
d ,[02 xcos Tx dx e L \/4):? dx f J.f% 2 cos x cos 3x dx
2 1 2 1
g [ 2K+l dr ho [ * +21 dx i [, -2+ dx
—
6 Find the exact area of the region enclosed by the given curve, the x-axis and the given ordinates.
X
a yZW, x=1, x=2 b y=Inx, x=2, x=4
7 Given that
6 2
[ @ v = 18+5m2,
3 X

find the values of the rational constants a and b.
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C4 INTEGRATION Worksheet H continued
8 y
y=6-2¢"
ol P\ x
The diagram shows the curve with equation y =6 — 2¢e".
a Find the coordinates of the point P where the curve crosses the x-axis.
b Show that the area of the region enclosed by the curve and the coordinate axes is 61n 3 — 4.
9 Using the substitution u# = cotx, show that
If cot’ x cosec’ x dx = 3(21\/7 —4).
3
10 v
/To v =
The diagram shows the curve with parametric equations
x=t+1, y=4—1%
a Show that the area of the region bounded by the curve and the x-axis is given by
2
I L @G- d
b Hence, find the area of this region.
11 a Given that £ is a constant, show that
% (x? sin 2x + 2kx cos 2x — k'sin 2x) = 2x” cos 2x + (2 — 4k)x sin 2x.
b Using your answer to part a with a suitable value of &, or otherwise, find
I x> cos 2x dx.
12 y
_ Inx
X
0 | |2 x
The shaded region in the diagram is bounded by the curve with equation y = ln—zx , the x-axis and
X
the line x =2. Use integration by parts to show that the area of the shaded region is (1 —1In 2).
13 f(x) = x+16

357 +11x° +8x—4
a Factorise completely 3x° + 11x* + 8x — 4.

b Express f(x) in partial fractions.

¢ Showthat [ fx) dx = ~(1+3In2).
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C4 ) INTEGRATION Worksheet |

1
ol 1 2 x
The shaded region in the diagram is bounded by the curve y = 2 , the x-axis and the lines x =
X
and x =2. Show that when the shaded region is rotated through 360° about the x-axis, the
volume of the solid formed is 6.
2 VA
y= ¥ +3
0 2 x
The shaded region in the diagram, bounded by the curve y =x”+ 3, the coordinate axes and the
line x =2, is rotated through 27 radians about the x-axis.
Show that the volume of the solid formed is approximately 127.
3 The region enclosed by the given curve, the x-axis and the given ordinates is rotated through 360°
about the x-axis. Find the exact volume of the solid formed in each case.
a yZZe%, x=0, x=1 b yZ%, x==-2, x=-1
X
2
c y=l+l, x=3, x=9 d y=3x +1, x=1, x=2
X X
e =\/xl+_2, x=2, x=6 f y=e' 7, x=-1, x=1
4 Yy A

0

The diagram shows part of the curve with equation y = >
X+

The shaded region, R, is bounded by the curve, the coordinate axes and the line x = 2.
a Find the area of R, giving your answer in the form kIn 2.
The region R is rotated through 27 radians about the x-axis.

b Show that the volume of the solid formed is 4.
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C4 INTEGRATION Worksheet | continued
5 v A
y= 2% + x
0 1 3 X

The diagram shows the curve with equation y = 2% + x 2.

The shaded region bounded by the curve, the x-axis and the lines x =1 and x =3 is rotated

through 27 radians about the x-axis. Find the volume of the solid generated, giving your answer

in the form 7(a + In b) where a and b are integers.
6 a Sketch the curve y=3x —x” showing the coordinates of any points where the curve

intersects the coordinate axes.

The region bounded by the curve and the x-axis is rotated through 360° about the x-axis.

b Show that the volume of the solid generated is & 7.
7 Y A x=3=0

— y=3--
ollp X
The diagram shows the curve with equation y =3 — 1 , x>0.
X

a Find the coordinates of the point P where the curve crosses the x-axis.

The shaded region is bounded by the curve, the straight line x —3 =0 and the x-axis.

b Find the area of the shaded region.

¢ Find the volume of the solid formed when the shaded region is rotated completely about the

x-axis, giving your answer in the form m(a + b1n 3) where a and b are rational.

8 A

|
/0/ 3 x

The diagram shows the curve y=x — 1 , x#0.
X

a Find the coordinates of the points where the curve crosses the x-axis.
The shaded region is bounded by the curve, the x-axis and the line x = 3.
b Show that the area of the shaded region is 4 — In 3.

The shaded region is rotated through 360° about the x-axis.

¢ Find the volume of the solid generated as an exact multiple of &.
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C4 ) INTEGRATION Worksheet J

y=x2+1

»
|

0] B X

The diagram shows the curve y =x+ 1 which passes through the point 4 (1, 2).
a Find an equation of the normal to the curve at the point 4.

The normal to the curve at 4 meets the x-axis at the point B as shown.

b Find the coordinates of B.

The shaded region bounded by the curve, the coordinate axes and the line AB is rotated through
27 radians about the x-axis.

¢ Show that the volume of the solid formed is % .

2 Y A
_ 9
y=4x+ —
X

<Y

o| 1 e

The shaded region in the diagram is bounded by the curve with equation y =4x + ? ,
X

the x-axis and the lines x=1 and x=e.
a Find the area of the shaded region, giving your answer in terms of e.

b Find, to 3 significant figures, the volume of the solid formed when the shaded region is
rotated completely about the x-axis.

3 The region enclosed by the given curve, the x-axis and the given ordinates is rotated through

27 radians about the x-axis. Find the exact volume of the solid formed in each case.

3
a y = CoSecXx, x=Z, x=2ZI b y= *F x=1, x=4
Y 6 3 Y x+2°
1

¢ y=1+cos2x, x=0, x=74 d y=x?¢""", x=1, x=2

4 VA
y= xe
0 1 x

The shaded region in the diagram, bounded by the curve y = xe , the x-axis and the line x=1,
is rotated through 360° about the x-axis.

Show that the volume of the solid formed is m(2 — 5¢™").
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C4 INTEGRATION Worksheet J continued

y=2sinx+cosx

X

o

SIE]

The diagram shows part of the curve with equation y =2 sin x + cos x.

The shaded region is bounded by the curve in the interval 0 <x < 7, the positive coordinate

axes and the line x = %

a Find the area of the shaded region.

b Show that the volume of the solid formed when the shaded region is rotated through 27
radians about the x-axis is % n(57 + 8).

6 VA

X

0 1

The diagram shows part of the curve with parametric equations
x=tan 6, y=sin26, 0<0< %
The shaded region is bounded by the curve, the x-axis and the line x = 1.
a Write down the value of the parameter & at the points where x =0 and where x = 1.
The shaded region is rotated through 2x radians about the x-axis.

b Show that the volume of the solid formed is given by
4r [* sin* 6 do,
0
¢ Evaluate this integral.
7 YA

@)

X

The diagram shows part of the curve with parametric equations
x=t"=1, y=tt+1), t=0.
a Find the value of the parameter ¢ at the points where the curve meets the coordinate axes.

The shaded region bounded by the curve and the coordinate axes is rotated through 27 radians
about the x-axis.

b Find the volume of the solid formed, giving your answer in terms of 7.
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C4

INTEGRATION Worksheet K
1 Find the general solution of each differential equation.
d—y=(x+2)3 b Y —4cosar ¢ — =3e"+2
dx dr
d (2—x)d—y=1 e W _ P+ f Yo
dx dx
2 Find the particular solution of each differential equation.
a d—yze_)‘, y=3 when x=0 b d—than3tseczt, y=1 when =%
dx dr
2 du dy 2
¢ @W—-3)— =4x, wu=5 when x=2 d — =3cosx, y=7 when x= 7
dx dx
3 a Express — in partial fractions.
X" —=x-6

b Given that

(x> —x —6) % =x-28,

and that y=In9 when x =1, show that when x =2, the value of y is In 32.

4 Find the general solution of each differential equation.
a d—y:2y+3 b d—y=sin22y c
dx dx
dy dy =2
d x+1)— = e — = f
G = &y
dy _ dy .
Jx L =72 h y— =x)*+3x i
g & ydx 34
. dy 2x -y dy
— =e¢ k ¢0-3)—=x(-1 1
U G=3) - =o0-1
5 Find the particular solution of each differential equation.
dy x dy 3
a — = =3 when x=4 b —=@W+1),
= 2 y ™ o+
dy dy +2
2 _ _ — 4
¢ (tan x)a =y, y=1 when x= 7 d Rl
dy _ _=x _ d _ [y
e ™ X" tan y, y=+¢ when x=0 f & Y
d d
g exay =xcosecy, y=m when x=-1 ay ;fs(i)zi ,
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=xysinx

=y’ Inx

y=0 when x=2

y=6 when x=3

y=16 when x=1




C4 ) INTEGRATION Worksheet L

1 a Express Sk S partial fractions.
(1+x)(2-x)

b Given that y=2 when x =3, solve the differential equation

d_y _ yx+4
dx (1+02-x)°

2 Given that y=0 when x =0, solve the differential equation
Y COS X.
dx
dy dy

3 Given that ™ is inversely proportional to x and that y =4 and =2 when x =3, find an

expression for y in terms of x. &
4 A quantity has the value N at time ¢ hours and is increasing at a rate proportional to V.

a Write down a differential equation relating N and .

b By solving your differential equation, show that

N=A4e",
where 4 and k are constants and £ is positive.

Given that when =0, N=40 and that when =5, N= 60,

¢ find the values of 4 and £,

d find the value of N when 7= 12.

5 A cube is increasing in size and has volume ¥ cm’® and surface area 4 cm” at time ¢ seconds.
a Show that

dr
—=k\/z,
dA4

where £ is a positive constant.

Given that the rate at which the volume of the cube is increasing is proportional to its surface area
and that when =10, 4 =100 and % =5,

b show that

6 At time 7 = 0, a piece of radioactive material has mass 24 g. Its mass after # days is m grams and
is decreasing at a rate proportional to m.

a By forming and solving a suitable differential equation, show that
m=24e™
where £ is a positive constant.
After 20 days, the mass of the material is found to be 22.6 g.
b Find the value of k.
¢ Find the rate at which the mass is decreasing after 20 days.

d Find how long it takes for the mass of the material to be halved.
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C4 INTEGRATION Worksheet L continued

7 A quantity has the value P at time ¢ seconds and is decreasing at a rate proportional to JP.
a By forming and solving a suitable differential equation, show that
P=(a- bty
where a and b are constants.
Given that when =0, P =400,
b find the value of a.
Given also that when =30, P =100,
¢ find the value of P when ¢ = 50.

hcm

The diagram shows a container in the shape of a right-circular cone. A quantity of water
is poured into the container but this then leaks out from a small hole at its vertex.

In a model of the situation it is assumed that the rate at which the volume of water in the
container, ¥ cm’, decreases is proportional to V. Given that the depth of the water is 4 cm
at time ¢ minutes,

a show that

i,
dt

where £ is a positive constant.
Given also that #=12 when ¢t=0 and that 2= 10 when =20,

b show that
h=12¢"
and find the value of &,
¢ find the value of t when 4 = 6.

9 a Express 1 i partial fractions.
1+ x)(1-x)

In an industrial process, the mass of a chemical, m kg, produced after # hours is modelled by the
differential equation
B ki1 + (1~ m),
dt
where £ is a positive constant.

Given that when =0, m =0 and that the initial rate at which the chemical is produced is
0.5 kg per hour,

b find the value of £,
¢ show that, for 0<m <1, In [r—mj= 1-¢™.

—m

d find the time taken to produce 0.1 kg of the chemical,

e show that however long the process is allowed to run, the maximum amount of the
chemical that will be produced is about 462 g.
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C4 ) INTEGRATION Worksheet M

1 Use the trapezium rule with » intervals of equal width to estimate the value of each integral.
a J?xln(x+l)dx n=>2 b fcotxdx n=72
6
2 X 1 )
c .[_2 e’ dx n=4 d .[o arccos(x'—1) dx n=4
0.5 ) 6 5
e JO sec(2x—1) dx n=5 f J‘Oxe dx n==o6
2

y
0‘/ Vo

The diagram shows the curve with equation y =2 —cosecx, 0 <x <.

a Find the exact x-coordinates of the points where the curve crosses the x-axis.

b Use the trapezium rule with four intervals of equal width to estimate the area of the shaded
region bounded by the curve and the x-axis.

3 f(x)= ¥ +arcsin (3x), xe R, -2<x<2.

2
a Use the trapezium rule with three strips to estimate the value of the integral /= J_l f(x) dx.

b Use the trapezium rule with six strips to find an improved estimate for /.

0 / 5 "

The shaded region in the diagram is bounded by the curve y =Inx, the x-axis and the line x =5.

4 Vv A

a Estimate the area of the shaded region to 3 decimal places using the trapezium rule with
i 2 strips ii 4 strips iii 8 strips

b By considering your answers to part a, suggest a more accurate value for the area of the
shaded region correct to 3 decimal places.

¢ Use integration to find the true value of the area correct to 3 decimal places.

5 VA

y=¢ —x

X

4 0

The shaded region in the diagram is bounded by the curve y =¢" —x, the coordinate axes and the
line x =—4. Use the trapezium rule with five equally-spaced ordinates to estimate the volume of
the solid formed when the shaded region is rotated completely about the x-axis.
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