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1. Prove by induction that, for all n € Z*, 6]
: 1
Zln (r—l— ) =In(n+1).
r
r=1
2.
(2 3
- \3 -6
(a) Find the eigenvalues of M. [4]
(b) Find eigenvectors corresponding to each eigenvalue found in part (a). [4]
Total: 8
3. A transformation 7" from the z-plane to the w-plane is defined by
o4
w="2 + ,1, z # 1,
z—1i
where z = ¢ + iy, w = v + iv and x,y,u and v are real.
(a) Show that the circle |z| = 1 is mapped onto a straight line in the w-plane under 7" and find 5]
an equation of the line.
The circle |z — (a 4 ib)| = r in the z-plane is mapped under 7" onto the circle |w| = 2 in the
w-plane, where a,b and r are real.
(b) Find the values of a,b and r. 6]
Total: 11
4. The points A, B and C' with coordinates (z_1,y_1), (xo,%0) and (x1,y;) respectively lie on the
curve y = f(z) with 1 — xg = g — 2_1 = h.
(a) Use the first three terms of the Taylor series expansion in ascending powers of (z — zg) to [5]
show that )
d*y\ _y1— 20+ Yy
dz? h? '
The variable y satisfies the differential equation
Y w2 5o
— l‘ —_—— =
da? a7
withy=1latr=0and y=12at x =0.1.
(b) Use the approximations 6]

dz 2h dz?

h?

with a step length of 0.1 to estimate the value of y at x = 0.2.
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Total: 11
D.
1 -1 3 1
1 2 -1
(a) Find A~! in terms of q. [7]
(b) Hence, or otherwise, solve the simultaneous equations 4]
r—y+3z =
dr+y+z =
r+2y—z =
showing your working clearly.
Total: 11
6. Given that
y = V1 — x%arccos(z),
(a) show that [5]
d
(1—x2)£+xy—x2+1:0. (%)
(b) By differentiating equation x twice, or otherwise, obtain the Maclaurin expansion of y = 8]
V1 — z2arccos(z) up to and including the term in 3.
Total: 13
7. The plane II; has vector equation
r=3i+j—4k+Aj+2k)+p(i+j+k).
(a) Find a vector n which is normal to II;. 3]
(b) Hence find a vector equation of II; in the form r.n = p. 2]
(c¢) Find the perpendicular distance between II; and the point A with position vector 2i+ j+ 4k, [4]
giving your answer in the form av/6, where a € Q.
The plane Iy has equation r.(i+ bj) = —4. The angle between II; and Il is 30°.
(d) Find the possible values of the constant b. 6]
Total: 15
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