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打字机
IAL FP2 Mark Scheme


FP2 2020 10 MS

Guestion Scheme Marks
Number
1 a 3 2
® 9y 3 1399 oing MIMI
dx dx dx
3 2
Y sinr 3 3,42 Al (3)
dx dx dx
b 3
®) jx—);:—3><5:—15 Bl (1)
'y 2
© 4y 3x0x5+2=2 BI
2 5 3
y=24+5x+x —Ex MI1A1 (3)
(7]
(a) Accept the dashed notation throughout this question.
mi Differentiate 3x% with respect to x. The product rule must be used for x% with at least
one term correct
2 2 3
M1 Differentiate d—); and 2 cos x. d—); - d—); 2cosx —> £2sinx
dx dx dx
3 2 3
Al d—); =3 x d )2) +d_y —2sinx. Give A0 if not rearranged to have d—); =..
dx dx dx
(b)
d’y . . .
Bl —=-15 provided 3 terms in result in (a)
(©)
2
B1 d J; =2 can be implied by a correct x> term in the expansion
dx
d’y d’y
Ml Use of a correct Taylor expansion with their values for o and & 2l or2,3! or 6
5
Al y=2+5x+x" —§x3 Must include y = ... or f(x) = .. provided f(x) has been defined to be y
somewhere in the work.
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FP2 2020 10 MS

Question Scheme Marks
Number
2 (a) 3r+1 A B C
=—+ +
r(r—l)(r+1) ro r—1 r+l
el 1,2 1
r(r—l)(r+l) ror—1 r+l MIAT ()
(b) 2 11
1 2 3 2 1 1
2 11 n-3 n-2 n-1
2 3 4 2 1 1
- M1
2 11 n-2 n—-1 n
3045 2 1 1
2 11 n-1 n n+l
4 5 6
1 2 1 1 1
=2——+—————- dM1A1
2 2 n n n+l
i_g_ 1 _5n(n+1)—4(n+1)—2n _Snz—n—4 M1, Al cso
2 n n+l 2n(n+1) ’ 2n(n+l) (5)
(c) 20 14
22
_5x20°-20-4 5x14°-14-4 Mi
2x20x21 2x14x15
13
=— Al 2
210 @)
9]
(@)
M1 Correct method for obtaining the PFs
Al Correct PFs
(b)
Show sufficient terms at both ends (eg 3 at start and 2 at end) to demonstrate the
M1 cancelling. (This can be implied by correct work at the next line)
Must be using PFs of the correct form and start at » = 2 unless extra terms are ignored
1 1 1 1
at next stage. Can be split into — |+ _—
8 P Z:(r—l rj Z[V—l r+l]
dM1 Extract the non-cancelled terms (min 4 correct terms but 5/2 counts as 3 correct)
Depends on first M of (b)
Al Correct terms extracted
M1 Write terms using the common denominator, numerator need not be simplified. Must
start with a min of 3 terms inc terms with denominators n and (n +1)
Alcso Correct answer from correct working
(©
M1 Form and use the difference of the 2 summations shown using their result from (b) or
an earlier form seen in (b)
Al Correct exact answer, as shown or equivalent
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FP2 2020 10 MS

Question Scheme Marks
Number
3 y
N \/ \ 12
N FQ 8 .
N / v This sketch on
— N\ P 1ts own scores
\\> ( no marks, but
4 it may be seen
N in the work
AN
N
-8 -4 0 4 X
x> +3x+10
—=7-x
x+2
X 4+3x+10=14+5x—x’ M1
x'—x=2=0 (x-2)(x+1)=0 dM1
CVs 2,-1 AlA1
—(x* +3x+10)
=T7-x
x+2
—x*=3x-10=14+5x—x" M1
8x=-24 CV -3 Al
x<-3 -l<x<2 dddM1ATA1
191
NB No algebra implies no marks
M1 Form a quadratic equation or inequality, no simplification needed
dM1 Solve the 3TQ any valid method Depends on the first M mark.
Al Either CV
Al Both CVs
M1 Change the sign of LHS or RHS and obtain an equation (quadratic or linear, no
simplification needed)
Al Correct CV from solving the linear equation
dddM1 x < their smallest CV and x between their other 2 CVs All M marks above needed
Al Either inequality correct
Al Both inequalities correct
“and” between the inequalities is acceptable. If N used, deduct an A mark.
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FP2 2020 10 MS

Question Scheme Marks
Number
4
() 183 -18i=18,[(3+1) =36 Bl
—~18 pa ) T .. % MI1,Alcao
tanf=—— 6O=——, 18\/5—181:36 cos(——jﬂsm(——j ’
183 6 ( 6 6 A3)
(b) z* =36 cos— L +isin— 2 |=36| cos| 2kx - |+isin| 2kz -2 Ml
6 6 6 6
z=+/6] cos 12kr — 7 +1sin 12kr -7 MIl
24 24
k=0 z,=+6|cos 7 |visin| £ :\/gei{_ij B1
’ 24 24
11z 1z s
k=1 z, =6| cos| — |+isin| — | | =~/6e ** Alft
1 ( ( 24 j ( 24 D
k=2 z,=6 cos(m—ﬂjﬁsin(ﬁ—ﬂ] = 6ei2237”
? 24 24
13z) . . ( 13z (-2
k=-1 23:\/3 cos| ——— |+isin| ——= | | =/6e Alft  (5)
24 24
8]
(@)
B1 Correct modulus
+18
ino tan@ = or other valid method. Can be implied b
M1 Attempt argument using 183 P y
o=+Z2
Alcao Correct answer in the required form.
(b)
V4
M1 Valid method for generating at least 2 roots, rotation through; accepted
M1 Apply de Moivre or use the rotation method
B1 Any one correct root
Alft Second root in required form
Alft All 4 roots in the required form
Follow through their 36 but 36 not acceptable.
NB Argument in degrees — MIM1B1AOADO (ie treat as mis-read)
Incorrect argument: BOA1ftA1ft available
Answers in 7(cos@+isin 9) form — deduct final A marks
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FP2 2020 10 MS

Question Scheme Marks
Number
z-31
5 w= -
z+21
i(2w+3
w(z+2i):Z—3i sz M1
I-w
1 (ZW + 3)
l2=1 |——=1 dM1
I-w
|i(2w+3)|=|1-w|
w=u+iv (2u+3)2+4v2:(l—u)2+v2 ddM1
d’ +12u+9+4° =1-2u+u’ +V°
3u’ +3v +14u+8=0 dddM1
w3, 80 Al
3 3
7V, 8 49 25
U+—| +v =——+—="—
3 39 9
7
@) Centre (_?OJ Al
. .5
(i) Radius 3 Al (7)
[7]
(a) M1 re-arrange to z = ....
dMm1 dep (on first M1) using |z| =1 with their previous result
ddM1 dep ( on both previous M marks) use w=u+1v (or any other pair of letters inc (x, y))
and find the moduli (or square of it)
dddM1 dep (on all previous M marks) re-arrange to the form of the equation of a circle (same
coeffs for the squared terms)
Al for a correct equation in u and v with coeffs of u? and v? both 1
Al Correct centre, must be in coordinate brackets. Completion of square need not be
shown.
Al Correct radius

Centre and radius must come from a correct circle equation for the A marks
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FP2 2020 10 MS

Question Scheme Marks
Number
6.
d xcotx+2 4 si B1
[ ( ) e s1§1 X
dx X X
(xcotx+2)
IF = ej PR M1
_ e(lnsinx+21n)r) Al
=x’sinx Al
i(their IF x y) = their IF><"451¥" M1
dx X
x?sinx = [ 4sin’ xdv =4[ 1meosax g4 X Lsinax| (+0) | amial
g > 2 4
2x—sin2x+C
_ =X Szm d oe Alcao [8]
X" sinx
B1 Divide through by x?
k(xcotx+2)dx

M1 Attempt an IF of the form € °

Al (Insinx+2Inx)

Al Correct IF

M1 Multiply through by their IF and write LHS in form shown — can be implied by next
line. Allow if IF is seen instead of their function provided an IF has been attempted.
Allow use of their RHS

dM1 Attempt to integrate sin’x, including using sin” x = %(1 +c0s2x) €os2x —> ksin2x
depends on previous M mark

Al Correct integration, constant not needed

Al Include the constant and treat it correctly. Must have y = ...
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FP2 2020 10 MS

QNuestion Scheme Marks
umber
7
(a) rsin@ =2asin@+2asinfcosd OR rsind =2asinf+asin26 Bl
d(rsing) ) .
— 2 -2acos@+2acos’ 0 d(rsin@)
dé T=2acos9+2a00529 M1 Al
—2asin’* @
2cos’ @+cosf—1=0 terms in any order
(2cos@—1)(cos@+1)=0
cosﬁzé «9:% (6 =7 need not be seen) dM1A1
r=2ax5=3a Al (6)
1 2 1 z 2 2
b Area=—|r'd0=—|24a (1+cos@) dbO
(b) y| a0 =7 [2 4 1+ cos0)
:2azj§(l+2cosﬁ+cos29)d9 Ml
6
:2a2J'”3(1+2cos€+%(00529+1)]d9 M1
6
N . 1(1 . 3
=2a ¢9+251n9+5 Esm29+<9 dM1A1
2a2_ﬂ+ 3+1>< 3+” ”+1+1 3+” Il:}/lé Al
= = —X——t+—= —| = —X—+— : on
3 4 2 6 6 4 2 12 e-PEN
=24 5+\/§—1j
4
1 T3,
AreaofAOAB_Ex3ax(2+\/§)axsmg (—Za <2+\/§)J
_242 1.3 _a_2 _ MIl1Alcao
Shaded area = 2a (4+\/§ 1j 14 (2+\/§)—4(27z 14+5J§) i
[13]
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FP2 2020 10 MS

Question
Number Scheme Marks
(a)
B1 Multiply 7 by sin &
Award if not seen explicitly but a correct result following use of double angle formula
1s seen
M1 Differentiate 7siné or rcos@ (using product rule or using double angle formula first)
Al Correct derivative for »sin @
dM1 Use sin’ @+cos’@ =1 to form a 3TQ in cos@ and attempt its solution by a valid
method
Al Correct value for 6
Al Correct r
(b)
1 . -
M1 Use area = EI r*d@ with r =2a+2acosé, no limits needed,
M1 Use a double angle formula to obtain a function ready for integrating
(Alt method uses integration by parts — may be seen)
dM1 Attempt the integration cos26 — %sin 20 k=22 or £1
Al Correct integration,
Substitute the limits (need not be simplified). Limits % and their 8 from (a) provided
M1 -
this is > —
NB: Al on e-PEN
M1 Obtain the area of AOAB and subtract from their previous area
Al Correct answer
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FP2 2020 10 MS

Question Scheme Marks
Number
8(a) xe”dxeuordu e ordxx B1
a = —_—= —_— = —_— =
du dx du
d_y — d_yx d_u — efu d_y Ml
dx du dx du
dzy —u du dy —u dzy du —2u dy dzy
— — et —— = 4 ——— _—¢ _t MI1Al
dx’ dx du du’ dx du du’
2
29 3 Y gy —dinx
dx
_ dy d*y . dy
2u 2u + +3eu xe u 8 — 4ln eu dMl
( du du’ du 4 ( )
d’y _dy % Al*cso
+2—-8y=4
du’ du ! (0)
B1 ™ =¢" oe as shown seen explicitly or used
u
M1 Obtaining % using chain rule here or seen later
. dy . . .
M1 Obtaining e using product rule (penalise lack of chain rule by the A mark)
d’y
Al Correct expression for —3-  any equivalent form
dx
dM1 Substituting in the equation to eliminate x (z and y only). Depends on the 2"¢ M mark
Al*cso Obtaining the given result from completely correct work
ALTERNATIVE 1
x=e" ﬂ:e”:x Bl
du
&y b &b M1
du dx du dx
2 2 2
d{zlﬂxd—y+xdfx£: Y xzd—); MIAI
du du dx dx* du dx dx
SEy @y @
27 12
dx* du” du
d’y dy 1 dy
——— [+ 3xx———8y =4In(¢"
(du2 du x du 4 ( )
dMI1AT*cso
2
d—);+2d—y—8y=4u ©)
du du
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FP2 2020 10 MS

QNuest|on Scheme Marks
umber
B1 ™ =¢" oeas shown seen explicitly or used
u
M1 Obtaining j—y using chain rule here or seen later
u
. dy . .
M1 Obtaining v using product rule (penalise lack of chain rule by the A mark)
u
: d’y .
Al Correct expression for —=-  any equivalent form
u
dMmi1 Substituting in the equation to eliminate x (« and y only). Depends on the 2" M mark
Al*cso Obtaining the given result from completely correct work
ALTERNATIVE 2:
du 1
u=Inx —=— Bl
X
dy d 1
Y _d du_1dy M1
dv dy dx xdu
: 1 1d’ 1 1 d?
d_)zzz__zd_y+_d_)2/Xd_u=__2d_y+_2d_)2; MIAI
dx x du xdu” dx x“du x" du
1dy 1d° 1d
x’ ——2—y+—2 )2} +3xx——y—8y =4u
x“du x" du x du
2
SR NP MIAT*cso
du du
Notes as for main scheme
There are also other solutions which will appear, either starting from equation II and
obtaining equation I, or mixing letters x, y and u until the final stage.
Mark as follows:
B1 as shown in schemes above
M1 obtaining a first derivative with chain rule
M1 obtaining a second derivative with product rule
Al correct second derivative with 2 or 3 variables present
dM1 Either substitute in equation I or substitute in equation II according to method chosen
and obtain an equation with only y and u (following sub in eqn I) or with only x and y
(following sub in eqn II)
Alcso Obtaining the required result from completely correct work
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FP2 2020 10 MS

Question Scheme Marks
Number
(b) m?+2m—-8=0
(m+4)(m—2):0, m=-4,2 MI1Al
CF = de™ + Be™ Al
Pl:try y=au+b  (or y=cu’ +au+b different derivatives, c =
0)
2
Y_, Ml
du du
O+2a—8(au+b) =4u
1 1
a=—— b=—— dM1A1
2 8
—4u 2u 1 1
SLy=Ae+Be ——u—— Bl1ft (7)
2 8
" ,» 1 1
(c) y=Ax" +Bx —Elnx—g B1 (1)
[14]
(b) M1 Writing down the correct aux equation and solving to m = ... (usual rules)
Al Correct solution (m=-4,2)
Al Correct CF — can use any (single) variable
2
M1 Using an appropriate PI and finding j—y and % Use of y = Au scores MO
u u
dM1 Substitute in the equation to obtain values for the unknowns. Depends on the second
M1
Al Correct unknowns two or three (with ¢ = 0)
B1ft A complete solution, follow through their CF and a non-zero PI. Must have y = a
function of u
Allow recovery of incorrect variables.
(c) B1 Reverse the substitution to obtain a correct expression for y in terms of x No ft here
x*ore™™ and x* or e’ allowed. Must start y = ...
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?\luestion Scheme Marks
umber
i(1+3 + pi
L i) ) M
1 (1 + \5) +3
—i(1+\/§)2 +3i(1+\/§) =i(1+\/§)+pi
—1-23-3+3433=1+3+p dMl1
p=-2 Al
3]
M1 Substitute i(l + \/5 ) for wand z
dM1 Solve to p = ...
Al Correct value for p
Some solve for p first:
M1 Obtain an expression for p in terms of w and/or z
dM1 Substitute i(l + \/5 ) for wand z
Al Correct value for p
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QS Scheme Marks
Number
2
+2Y —r(r+3
@ r+2  r+3 :(r ) —r(r+3) i
r(r+1) (r+1)(r+2) r(r+1)(r+2)
P +dr+4—r° =3r r+4 *
r(r+1)(r+2) r(r+1)(r+2)
P 3 4 ren_1 n+l  n+2
(b) Ix2 2x3 (n—l)n n(n+1)
oo 4 5 e n+2 n+3
2x3 3x4 n(n+1) (nr1)(n+2) | M
3 5 6
3x4 4x5
L S S B Al
p— r(r+1)(r+2) 2 (n+1)(n+2)
& r+4 _3(n+1)(n+2)-2n-6  n(3n+7) dM1 Alcao
= r(r+1)(r+2) 2(n+1)(n+2) 2(n+1)(n+2) 4)
[6]
(2)
M1 Attempt a single fraction with the correct denominator (or 2 separate fractions with the
correct common denominator)
A1F | Correct result obtained with no errors in the working. Must include LHS as shown in
question or LHS = ...
(b)
M1 Show sufficient terms to demonstrate the cancelling, min 3 at start and 1 at end or 2 at start
and 2 at end.
Award by implication if the correct 2 remaining terms are seen
Al Extract the correct 2 remaining terms
dM1 | Attempt common denominator of the form & (n+1)(n+2)
Alcao Correct result obtained. No need to show a, b and ¢ explicitly.
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Question
Number Scheme Marks
3
x2+x—2<lx+§
2 2
2x*+x-9<0 M1
-1+
Cvs xo 1T Al
4
—xz—x+2<lx+§ Ml
2x* +3x+1>0 (2x+1)(x+1)>0 M1
1
CVs x=——, -1 Al
2
ﬂ<x<_1’ _l<x<ﬂ MI1A1
2 4
[71

NB
M1
Al
M1
M1
Al
M1

Al

No algebra implies no marks

The first 5 marks can all be awarded if equations rather than inequalities are shown
Obtain and solve a 3TQ (any valid method including calculator)

2 correct CVs Allow decimal equivalents (1.886..., -2.386...), min 3 sf, rounded or truncated
Multiply either side by -1

Obtain and solve a 3TQ (any valid method including calculator)

2 correct CVs

Form 2 double inequalities with their CVs. No overlap between these inequalities.
Correct inequality signs required here or for final mark

Correct inequalities obtained. Values must be exact, but note that 0.5 is exact.

Allow “and” but not """ . May be written in set language with "U" and round brackets
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Cll\luestion Scheme Marks
umber
. dy 1dz dy 1 2dz
4(a ‘=z = 2y==-——-—"o0c eg —=——z2— Bl
R Y& 7w w2 W
dy 2 4
2y—+4y° =6
ydx y Xy
1 dz 4 o6x
—S—+-== Ml
zZdx z z
%_422_6)6 * Al ¥ (3)
dx
(b) IF:eI_m:e*‘x Bl
4‘(%—42) =e M x—6x
dx
ze ™™ = —6I xe dx Ml
_ 1 —4x 1 —4x
——6{—er +I e dx} M1
P e e (+c) Al
4 16 0¢
_3 4x 4x
==xe " +Ze ™ (+¢)
2
3 3 4x
Z=5x+§+ce oe Al (5)
ALT %—422—6x
dx
m-4=0=>m=4= CFis z=Ae" Bl
Pl: z=A1+ux M1
%:,u::gu—4(/1+yx):—6x
dx
3 3
4/,l=6 4/1=‘Ll, :>,U=E,l=§ MI,AI
Z:§x+§+Ae4x Al
2 8
S 1 B 8
() 303 e (12x43+4e™) °° BIft (1)
2 8
[9]
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Sl ol Scheme Marks
Number

(2)

B1 Correct derivative seen explicitly or used

M1 Substitutions made. Only award when an equation in x and z only is reached (if working

equation I to II) or an equation in x and y is reached (if working II to I)

A1 * | Correct result obtained with no errors in working

(b)
B1 Correct IF seen explicitly or used

M1 Multiply through by their IF and integrate the LHS. Accept / for ¢* on LHS only
M1 Apply parts in the correct direction to RHS to obtain

Axe™ +BI e dx with 4= J_r% and B= i%

Al Correct integration of RHS, constant not needed
Al Include the constant and treat it correctly. Answer in form z = ...
ALT

B1 Correct CF May not be seen until GS is formed
M1 For a PI of the correct form

M1 Differentiate their PI, substitute in the equation and extract 2 equations for the unknowns
Al Solve the two equations to obtain correct values for the unknowns

Al Correct GS obtained

(c)

Any equivalent to that shown. (no need to change letter for constant if rearranged)

Blit Must start 3> =... and must include a constant.
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Cll\luestion Scheme Marks
umber
2 3
5(a) —2x(31x—J;+(2— z)d{ Ml
2 2
+5(%) +5xx2%jx—f,=3% MIAL, Bl
d’y & dy &)Y Ldy
—(2-27 )+ 10x=-2x |+5| = | =3-=
dx dx dx
d’y 1 d’y dy dy ? dy
5 :(2_x2) 2xdx2 (1—5a _S(Ej +3E * Al (5)
d 2
ALT1 | 4’y 3y_5x(dxj
dx? (2—x2)
2 2 2
3 s(dyj 5o 2P AV 52 3y—5x(dyj (-2x)
&y | dx \drx dx dx MIMI1A1l
i -]
2 2 2
3dy—5(dyj 10x &4 (2 x2)+2x(2—x2)d—)2/ MI
d’y dx dx dx dx dx (NB: Bl on
dx’ (2 2 )2 ePEN)
d’y 1 d’y dy dy ? dy
o =(2_x2) 2xdx2 (1—53}5(3] +3a * Al¥  (5)
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Cll\luestion Scheme Marks
umber
2
5 Sx(dyj
ALT2 | dy_ 3y  \dx
e (2-27) (2-%7)
3 3d—y(2—x2)—3y(—2x)
dy _“dx
dx3 (2_x2)2
2 ) 2 MIMIAI1
{S(dyJ +5 ><2dyd);}(2—x2)—5x(yj (—2 )
dx dx
(2-¢)
dy 2 2 dzy dy
d3y_3(2_ ) [(2— )@Jrsgc— (-2x)
dx3 - 2 2
(2-2) MI1(BI on
2 2 2 ePEN
{s(dyj 5 2dydz}(2—x2)—5x(yj (—2x) )
dx
(2-¢)
3 2
d);: 1 ) d);(l 5d_y} S(dyj 3)dy s Al*
de' (2-47)( v dx dx dx
d’y d’y 9
(b) x=0 = 2§:9 ~ == B1
3 2
dy_ 1 5[“1) ;b _1(_ Lﬁ]:l M
dx™ 2 dx de | 2 16 4) 32
2 3
y=3+-—x Ix T x M1
4 22! 323!
7
=3+—x+—x"+—x° Al 4
PEIRYT Ti” 4
[9]
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SUESHEH Scheme Marks
Number
(a)
. . N
M1 Differentiate (2 -X )—2 using product rule
dx
2
M1 Differentiate Sx(%j using product and chain rule
. dy ’
Al Correct derivative of 5x i
B1 Correct derivative of 3y
A1* Correct result obtained from fully correct working
ALT 1 | Rearrange and use quotient rule
M1 Use the quotient rule. Denominator must be (2 —x )2 and numerator to be the difference of 2
terms
d 2
M1 Differentiate {3 y— Sx(ayJ } using product and chain rule
Al Fully correct differentiation
: d’ d
M1 | NB: Bl onePEN Replace 3y with (2—x2)—)2}+5x—y
dx dx
A1* Correct result obtained from fully correct working
ALT 2 | Rearrange, separate into 2 fractions and then use quotient rule
M1 Use the quotient rule on both fractions. Denominators must be (2 —x’ )2 and numerator of
each to be the difference of 2 terms
2
M1 Differentiate 3y using the chain rule and differentiate SX(%J using product and chain rule
Al Fully correct differentiation
2
M1 NB: Bl on ePEN Replace 3y with (2—x2)d—);+5xd—y
dx dx
A1% Correct result obtained from fully correct working
(b)
2
B1 Correct value of a);
: ) d’y
M1 Use the given result from (a) to obtain a value for —
dx
M1 Taylor’s series formed using their values for the derivatives (accept 2! or 2 and 3! or 6)
Al Correct series, must start (or end) y = ... but accept f(x) provided y = f(x) defined somewhere
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SUESHEH Scheme Marks
Number
6(a) | m +2m+5=0 =>m=-1+2i M1
CF:y=e"(Acos2x+ Bsin2x)
A A . ‘ Al
OR y:efx (Peﬁx_i_QeﬂZx) or y:Pe(71+21)x+Qe(71721)x
PI: y=acosx+bsinx B1
y'=—asinx+bcosx y"=-acosx—bsinx
—acosx—bsinx—2asin x+2bcos x +5acos x +5bsin x =6.cos x Ml
—-b—-2a+5b=0 —-a+2b+5a=6 Ml
a=% p=3 Al
5 5
. 6 3.
GS: y=theerF+§cosx+§smx Alft (7)
6 6
(b) )C:O,y:() 0:A+g :>A:—§ M1
y'=—e*(Acos2x+ Bsin2x)+e ™ (—2A4sin2x+2Bcos 2x)
, MIALft
——sinx+=cosx
5 5
x=0 d—y=0:>0=+§+2B+§:>B=—2 dM1
dx 5 5 10
6 9 6 3
PS: y=¢ | ——cos2x——sin2x |+—cos x+—sinx Al
4 ( 5 10 j 5 5 %)
[12]
ALT | y=¢™ (Peiz" +0e ™ ) 8 cos x+>sinx
5 5
x=0 y=0 O=P+Q+§ Ml
& =¢ (2iPei2" —2i0e™ ) —e (Peiz’r +0e™™ ) —ésinx + E(:Os x MIATlft
dx 5 5
():2'LP—2iQ+%
6 9.
P+QO=—— P-0=—1
Q 5 Q 10
16,90 4, 1 6.9 P
20 5 10 20 5 10
PS: —le'x(—§+iije2b‘+le”‘(—§—iije2“+§cosx+§sinx Al 5
T 5o 2" U510 5 5 ©®)
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SUESHEH Scheme Marks
Number
(a)
M1 Form and solve the auxiliary equation
Al Correct CF, either form (Often not seen until GS stated)
B1 Correct form for the PI
M1 Differentiate twice and sub in the original equation
M1 Obtain a pair of simultaneous equations and attempt to solve
Al Correct values for both unknowns
Alft Form the GS. Must start y = ... Follow through their CF (writing CF scores A0) Must have
scored a minimum of 2 of the M marks
(b)
For CF y=¢"(Acos2x+ Bsin2x)
M1 Sub x=0, y =0 in their GS and obtain a value for 4
M1 Differentiate their GS Product rule must be used
Alft Correct differentiation of their GS provided this has 4 terms
dM1 Sub x =0, % =0 and their 4 and obtain a value for B Depends on both previous M marks
Al Fully correct PS. Must start y =...
ALT(b)
ForCF y=¢™" (Pea” + Qe‘m) or y=Pel L el
M1 Sub x =0, y =0 in their GS and obtain an equation in P and Q
M1 Differentiate their GS Product rule must be used if y=¢™ (Peizx + Qefizx) used
Alft Correct differentiation of their GS
dM1 Sub x =0, % =0 to obtain a second equation and solve the pair of equations The solution
must allow for P and Q to be complex
Al Fully correct PS. Must start y =...
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Cll\luestion Scheme Marks
umber
7
(a) x =rcosf =3sin260cos b B1
C;—dg:6(:0326?0036’—3sin268in6’:0 M1
2cos€(c052¢9—2sin20)20 Ml
ALT |For the 2 M marks:
x=6sin6’cosz€:>(%=6cos39—125in200050=0
1
tang=— ¥ Al* @«
¢ N 4)
1 . 1 2
b tang =—= = smng=—, cosP=— M1
R:3x2xlx£=2\/§ Al (2
3B
1 2 9 . 2
(©) Area ofsector=—j r dé?:—.[ sin“26d60 Ml
2 2
L
=3j”“‘ & L(1-cos46)do M1
270 2
r arclan%
2
_9 l(g_lsin4gj MIAI
212 4 0
=— _arctanl — lsin 4£arctan L] -0 dM1
40 J2 4 2
sin4¢:25in2¢c0s2¢:4sin¢cos¢(2cos2¢—1)
| JE( 2 ) w2 M1
=4x—=x—|2x—=1 |=——
NERNEAN 9
Area of sector :2 arctani—lxﬂ :2arctani—£ Al (7)
4 2 4 9 4 L2 4
[13]
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SISy Scheme Marks
Number

(a)

B1 State x = (r cosé ): 3sin26cos26 May be given by implication

M1 Attempt to differentiate x =rcosé@ or x =rsinf Product rule must be used

M1 Use a correct double angle formula and equate the derivative of »cosé to 0

M1 Attempt the differentiation of x =rcos@ or x =rsiné using the product rule (after

ALT | using a double angle formula)
M1 Use a correct double angle formula and equate the derivative of »cosé to 0

A1¥ Complete to the given answer and no extras with no errors in the working. Accept 6 or ¢
All values seen must be exact

b
1(\/11 Attempt exact values for sin@ and cos@ and use these to obtain a value for R.
Values for sin @ and/or cos@ may have been seen in (a)
Al A correct, exact value for R, as shown or any equivalent.
Award M1AL1 for a correct exact answer
(c)

M1 Use of Area = %jrzdﬁ Limits not needed (ignore any shown)

1
M1 | Use the double angle formula to obtain & .[ E(l +cos46)d6é Ignore any limits given

This is NOT dependent
NB: There are other, lengthy, methods of reaching this point

|
M1 Attempt the integration cos46 — =+ 7 sin46 (Not dependent)

Al Correct integration of 1—cos46
dM1 Correct use of correct limits. Depends on second and third M marks
0 at lower limit need not be shown

M1 Attempt an exact numerical value for sin 4(arctan %)
Al Correct final answer. Award M1A1 for a correct exact final answer
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Cll\luestion Scheme Marks
umber
8(a) z" =" = cosnf+isinnd
1 : .. ..
— =¢™" =cos(-n0)+isin(—nd) = cos nf —isin nd
z
z”+in:cosné?+isinnt9+cosné’—isinné’:2cosn¢9>x< MIl1Alcso (2)
z
6
(z+lj 226+6ZSxl+6;524x%+6x;><4z3xi3
(b) z z ! z ! z MIA1
6x5x4x3 , 1 6x5x4x3x2 I 1
bt————— Xt ————————IX—+—
4! z 5! z z
6 6 4 2 1 1 1
(2c080) =z°+6z" +152° +20+15x < +6x — +—
z zZ zZ
6 6 1 4 1 2 1
64cos’ @ =z +—+6| 2 +— |[+15| z7+— |+ 20 M1
z zZ 4
64cos® @ =2cos60+6x2cos40+15x2cos26 +20 M1
6 _1 * %k
cos 6’—3—2(cos60+6cos49+15c0s20+10) Al (5)
(c) cos60+6cos40+15cos260+10=10
32co0s®@=10 MI1A1
cosl9:4_r6/i
16
6 =0.6027..., 2.5388... 0=0.603, 2.54 MI1A1 4)
(d) F(32cos 6 —4cos’ 9)d9
=J.§ c0s6<9+6cos4t9+15005249+10 4cos’ 6’)d6’
=F (cos 60 +6c0s40 +15c0s260+10—2—2cos260)d & M1
13 3
= —sm69+—sm49+?sm29+86’ MIAI
0
13 3 8r
- —x—+— (-0 dM1
03 - R 2L e
_5V3 8x . Al (5)
2 3
[16]

Page 25 of 123




FP2 2021 01 MS

SUESHEH Scheme Marks
Number
(a)
. 1
M1 Attempt to obtain z" +—
z
Alcso | Reach the given result with clear working and no errors Must see cos(—n8)+isin(—n6)
changed to cosn@—isinnd (ie both included)
(b)
The first 3 marks apply to the binomial expansion only
6
M1 Apply the binomial expansion to (z + lj Coefficients must be numerical (ie "Cr is not
z
acceptable). The expansion must have 7 terms with at least 4 correct
Al Correct expansion, terms need not be simplified
M1 Simplify the coefficients and pair the appropriate terms on RHS (At least 2 pairs must be
correct)
M1 Use the result from (a) throughout. Must include 2° or 64 now
Al * Obtain the given result with no errors in the working
(c)
M1 Use the result from (b) to simplify the given equation
Al Reach 32cos® @ =10 oe
M1 Solve to obtain at least one correct value for @, in radians and in the given range, 3 sf or
better
Al 2 correct values, and no extras, in radians and in the given range. Must be 3 sf here Ignore
extras outside the range
(d)
M1 Use the result in (b) to change cos’® @ to a sum of multiple angles ready for integration and
1 . .
use cos’ @ = iz(cos 26+1) on cos’ @ Limits not needed, ignore any shown
M1 Integrate their expression to obtain an expression containing terms in
sin 64,sin46,sin 26 and € Limits not needed
Al Correct integration Limits not needed
dM1 Substitute limit pi/3. Depends second M mark
Al Correct, exact, answer (any equivalent to that shown). AwardM1A1 for a correct final answer
following fully correct working.
There are other ways to integrate the function in (d), eg parts on one or both of the powers of
. 1
cos@, using cos’ = (cos2 9)3 = §(1 +cos 26?)3 =...
If in doubt about the marking of alternative methods which are not completely correct, send to
review
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Question Scheme Marks
Number
1
2 2 1
1) r(r+1)(r—1) r—=1 r r+l MIAIAL ()
2 1
1(b r=2 l-—+-=
(b) > 13
r=3 —— 2 + 1
2 3 4
pog 12,1 Ml
3 4 5
1 2 1
r=n-1 -t
n-2 n—-1 n
I 2 1
r=n ———-—+4—- Ml
n-1 n n+l
~1 2001 21 1 2 1
> -4 = 1- S ——ZF— Al
=\r-1 r r+l 2 2 n n n+l
Sl —lx(l—l+ : j_n2+n—2 dMIAL (5
2,=1r(r+1)(r—l) 2 \2 n n+l 4n(n+1) (5)
[8]
(2)
M1 Attempt PFs by any valid method (by implication if 3 correct fractions seen)
Al1A1 | Al any 2 fractions correct; Al third fraction correct
(b)
Method of differences with at least 3 terms at start and 2 at end OR 2 at start and 3 at end.
M1 Must start at 2 and end at » One M mark for the initial terms and a second for the final.
M1 Last lines may be missing k/(n — 1) and c¢/(n — 2) These 2 M marks may be implied by a
correct extraction of terms. If starting from 1, MOMI1 can be awarded.
Al Extract the remaining terms. 1 — 2/2 may be missing and 1/n— 2/n may be combined
dM1 Include the 1/2 and attempt a common denominator of the required form. Depends on both
previous M marks
n+n-2
4n (n + 1)
Al
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Marks

Question
Number Scheme

Special Case:
2 2r _E seen, award M1A1A0Q

r(rz—l) -1 r

1(a)
Award M1AOAO provided of the form 22 = jlr _B
r (r — 1) r-—1 r
1(b) Terms listed as described above — award M1M1. Further progress unlikely as too many
terms needed to establish the cancellation.

10
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Guestion Scheme Marks
Number
z+2 )
2 w= - Z#1
z—1
2+iw
z= Ml
w—1
2+iw .
lZ=2= =2 = [2+in]=2|w-1|
W f—
|2+iu—v|:2|u+iv—1| MI1 Al
(2—v)2+u2=4<(u—1)2+v2) M1 Al
3u +3v —8u+4v=0 oe
2 2
u—i + v+z =§ or u2+v2—§u+iv=0 dM1
3 3 9 3 3
(i) centre is (i 2 Al
373
(ii) radius is oe Al [8]
M1 Rearrange equation to z =...
M1 Change w to u + iv and use |z| =2 Allow if a different pair of letters used.
Al Correct equation
M1 Correct use of Pythagoras on either side. Allow with 2 or 4 (RHS)
Al Correct unsimplified equation
dM1 Attempt the circle form. Coefficients for #* and v’ must be 1. Depends on all 3 previous M
marks
(i)A1 | Correct centre given (no decimals) (Use of rounded decimals changes the values)
(ii)A1 | Correct radius given, any equivalent form (but no decimals)
NB: These 2 A marks can only be awarded if the results have been deduced from a correct
circle equation.
ALT 1
M1 Change w to u + iv Allow a different pair of letters.
M1 Rearrange equation to z =... and use |z| =2
Al Correct equation
Then as above.
ALT 2 | Very rare but may be seen:
1 maps to oo = *2i map to a diameter of C MI1Al
2i+2 —2i+2
So 1_+ and l; are ends of a diameter M2A1
i -3i
Calculate centre and radius MIAIAI
11
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?\luestion Scheme Marks
umber
3(a) y=rsinf =sinf+sinfcosf@ OR rsin@zsin9+%sin26’ Bl
d . d
Y cos@—sin>O+cos’ § OR L =cosf+cos20 Ml
déo déo
0=cosf+2cos’@—1 =(2cosf—1)(cosf+1)
1 . T
cos@ = 3 (cos@=-1 outside range for ) 6= 3 M1
Il z
A iS 1 P Al 4
12.2] @
3(b) | Area :lJ‘Z(Hcosﬁ)zd@ Bl
2Jo
1 1
:5-[ 1+200s¢9+5(c0s20+1) dé MIA1
! T
=— i9+251n0-|——sm29 dMIAl
212 4 0
_Z B Bz 93 Al (6)
4 2 16 4 16
[10]
(a)
Bl Use of rsin @& Award if not seen explicitly but a correct result following use of double angle
formula is seen.
M1 Differentiate »sin @ or rcosé
d(7rsin@
M1 Set %}1) =0 and solve the resulting equation. Only the solution used need be shown.
Al Correct coordinates of 4
1
(b)B1 | Use of Area = EI r’d@ with =1+ cos@, limits not needed.
M1 Attempt (1 +cos 6’)2 (minimum accepted is (1 +k cos @+ cos” 6?)) and change cos’ @ to an
expression in cos26 using cos’ @ = %(i cos20+1)
Al Correct integrand; limits not needed. % may be missing.
1 .
dM1 | Attempt to integrate all terms. cos26 — i;sm 20 k==1or £2 Limits not needed.
Depends on the previous M mark
Al Correct integration and correct limits seen
Al Substitute correct limits and obtain the correct answer in the required form.

12
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Question

Number Scheme Marks

Alternative for (b) using integration by parts (Very rare but may be seen)

V4

Area :%J.;(l-i-cosﬁ)zd@ B1

:%_J‘ (I1+2cosf)do+ Icoszﬁde:l

=l_.[ (1+2cosf)do+ cos@sin<9+_[ sinzé?dHJ MI1A1
2

_1 6+2sin 0+ sin6’cos0+J- (l—coszé’)dﬁ}3
2L

0

V4

=—| O+2sinf+ %(sin@cos@JrH)}3 dM1A1

0

7 N3 B 7 N3

il Al
4 2 16 4 16

1
B1 Use of Area = E-[ r*d6 with r =1+ cos 6, limits not needed.

Attempt (1 +cosé )2 (minimum accepted is (1 +k cos @+ cos” 6’) ) and attempt first stage

M1
ofj cos’ @d@ by parts. Reach J. cos’ @d6O = cosHsin O i_[ sin’9d@ Limits not needed
Al Correct so far. Limits not needed.
dMy1 | Attempt to integrate all terms. I (1+2cos@)d0 and attempt to complete _[ cos’ 6d@ using

Pythagoras identity. Limits not needed. Depends on the previous M mark
Al1A1l | As main scheme

13
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?\ll:ﬁsggp Scheme Marks
2 2
4 (a) jx—fzi(%j -3 Ml
y
3 2
4y —iz(d_y) 8,474 MIAIAL
dx v ldx y dx* dx
e o b ) )
dx’ vy
d3y 28 ( dy
T CEOR
2
ALT Qd—fwdf sV df+3d -0 MIAIAl
dede? T d dx dx
3d
R EORE .
v dx v
&y 28(dy) 24(d
y 2(_y _(_yj * e
dx>  y°\dx y \dx
d’y 4, 5
4(b) At x=0 Ezg(l) —3:—5 (0] B1
‘P_fzﬁ P2 A MI
d’ 64 8 16
2 3
y=8+x—§ x> Ml
2721 16 3!
5., 41 Al (4
=8+x——x'——x'+
g 96 [9]

14
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Question

Number Scheme Marks

3(a)
M1 Divide through by y No need to re-arrange the equation until later
3

M1 Attempt the differentiation using product rule and chain rule and obtain e =
A1A1 | Al Either RHS term correct Al Second RHS term correct and no extras

d2

Al * Eliminate e and obtain the given result

ALT

M1 Re-arrange the equation (Will probably be seen later in work)

M1 Attempt the differentiation using product rule and chain rule
Al1A1 | Al Two terms correct Al All correct and no extras

O .
Al Eliminate e and obtain the correct result

d? y
S(b)B1 | Correct value for e

3

M1 Use the given expression from (a) to obtain a value for Pl Award if correct value seen.
M1 Taylor's series formed using their values for the derivatives (2! or 2, 3! or 6)
Al Correct series, must start (or end) y =... Correct terms must be seen, order may be different.

Can have f(x) = ... provided f(x) = y is defined somewhere.

15
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Question Scheme Marks
Number
5
Question states "Use algebra..." so purely graphical solutions (using
NB calculator?) score 0/7. A sketch and some algebra to find intersection
points can score.
2x° +x-320
2x* +x-3=3(1-x)=2x"+4x-6=0 M1
2% +4x—6=x"+2x-3 :(x+3)(x—1) =0
x=-3,1 Al
2x° +x-3<0
—2x* —x+3=3(1-x)=2x"-2x=0 M1
2x(x—1):O, x=0,1 Al
x<-3 0<x<l x>1 dM1A1AL
[7]
The first 4 marks can be awarded with any inequality sign or =
M1 Assume 2x” +x—32>0 and obtain a 3TQ
Al Correct CVs obtained from a correct equation.
M1 Assume 2x° +x—3<0 and obtain a 2 or 3TQ
Al Correct CVs obtained from a correct equation.
dM1 | Form 3 distinct inequalities with their 3 CVs. Can have < or <, > or >. Must have scored
both previous M marks. Accept x<-3 0<x x=#1
Al All 3 correct CVs used correctly
Al Inequalities fully correct. “and” between the inequalities is acceptable. If N is used, award
AQO here. Fully correct set language accepted.
ALT | Squaring both sides
2 2 2
(20" +x-3) >9(1-x)
4x* +4x’ —20x" +12x>0 MIAl
x(x+3)(x-1)(x-1)>0 M1
CVs: x=0,-3,1 Al
Then as main scheme
These 4 marks can be awarded with any inequality sign or =
M1 Square both sides and collect terms to obtain a quartic with 4 or 5 terms
Al Correct quartic
M1 Factorise their quartic
Al 3 correct CVs

16
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Question Scheme Marks
Number
6(a) m*—6m+8=0
(m—2)(m—4)=0, m=2,4 Ml
(CF=) 4de* +Be" Al
PI: y=Ax>+pux+v Bl
V' =2Ax+u y"'=21
2&—6(21x+,u)+8(1x2+ux+v)=2x2+x MI
/”in, —12A+8u=1, 2A-6u+8v =0 M1
1 1 5
= p=—, v =" AlA1
4 2 16
2x 4x 1 2 1 5
y=Ae” +Be" +—x"+—x+— Alft (8)
4 2 16
(a)M1 | Form aux equation and attempt to solve (any valid method). Equation need not be shown if
CF is correct or complete solution (m = 2,4) is shown
Al Correct CF  y =.. not needed.
B1 Correct form for PI
M1 Their PI (minimum 2 terms) differentiated twice and substituted in the equation
M1 Coefficients equated
Al Any 2 values correct
Al All 3 values correct
Alft A complete solution, follow through their CF and PI. All 3 M marks must have been earned.
Must start y =...
2x 4x l 2 1 5
6(b) y=A4e" +Be" +—x"+—x+—
4 2 16
l=4+B+ el Ml
16
Q:ZAe2x+4Be4x+lx+l 0:2A+4B+l M1
dx 2 2 2
13 15
A=— B=-— dM1A1
8 16 °°
13 ,, 15, 1, 1 5
=—e ——e +—X"+—x+— Alft 5
8§ 16 4 27 16 °° ©®)
[13]
(b)
M1 Substitute y =1 and x =0 in their complete solution from (a)
M1 Differentiate and substitute % =0,x=0
dM1 Solve the 2 equations to 4 =... or B = .... Depends on the two previous M marks
Al Both values correct
Particular solution, follow through their general solution and 4 and B. Must start y = ...
Alft

17
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Question Scheme Marks
Number
7(a) (cos¢9+isin6’)4 =cos40 +isin46
4 3 . 4 X 3 2 . 2
cos’ @+4cos’ O(isin 9)+7005 6(isin0)
4x3%x2 | M1
+ cosé’(isiné’)3 +(isin 6)4
=cos' @+4icos’ @sin@+i’6cos” @sin® @ +4i’ cos@sin’ @ +i*sin* 6 Al
cos46 =cos* @—6¢os’ Asin’ O +sin* O Ml
sin40 = 4 cos’ @sin @ —4cos Gsin’ 0 Al
sin4@  4cos’ @sin@—4cosPsin’ O
tan 460 = =— PP -
cos4d cos”@—6cos” Gsin” @ +sin” 6
sin4d  4tan@-4tan’ @
tan40 = = * %k
cos46 1-6tan”@+tan*6 MIAT™ (6)
_ 3
o) | x=tanp 2R0O-20 1. 0=
I-6tan"@+tan" @ 2
tan46 =2 Ml
x=tand =0.284, 1.79 AlA1 3)
[9]
(2)
M1 Correct use of de Moivre and attempt the complete expansion
Al Correct expansion. Coefficients to be single numbers but powers of 1 may still be present.
M1 Equate the real and imaginary parts
Al Correct expressions for cos46 and sin46
in 46
M1 Use tan46 = - 10 and divide numerator and denominator by cos*# Only tangents now.
cos
Al * Correct given answer, no errors seen.

(b)

M1 Substitute x =tan# and re-arrange to tan46 =+2 or i%

Al for either solution; A2 for both. Deduct one mark only for failing to round either or both
to 3 sf

(One correct answer but not rounded scores AOAOQ; two correct answers neither rounded
scores A1AQ; two correct answers, only one rounded, scores A1AQ)

AlAl

18
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Question

Number Scheme Marks

Alternative for first 4 marks of 7(a):

1 1 4 .. 4 Ml
sind@=—(z*-z")=—|((cos@—isinf) —(cos@ +isind

21(Z =) 2i(( ) = ( ) )

M1
= %(cos4 6 + 4icos’ Osin @ — 6cos’ Osin’ O — 4icos Asin’ @ +sin* 9)
i
—%(—cos4 6 + 4icos’ @sin @+ 6¢cos’ Osin’ @ —4icosOsin® @ —sin* 9)
i

=4cos’ @sin@—4cosfsin’ 0 Al
Similar work leads to cos46 = cos® @—6cos” @sin® O +sin” Al

Remaining 2 marks as main scheme

M1 For the expression derived from de Moivre for either sin46 or cos46
Al Both shown and correct
M1 Attempt the binomial expansion for either, reaching a simplified expression
Al Both simplified expressions correct
19
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Guestion Scheme Marks
Number
8 y=1p2 d_ 2y B1
(a) y dy y
dy dy dv:_ dv MIAL
dr  dv dx 2 dr
3
Y dV ¥ .3
————+6xy =3xe
> dr y y
1 ,
2dx y
dv
1 3
ALT1 | y=v? Y__15 Bl
dv 2
3
d_dp dv_ 1 5dv MIAI
dx dv dx 2 dx
1 2dv 1 2
v 2463y 2 =3xe" v 2 dM1
dx
Ly +6xv =3xe"
2 dx
dv
a—lva——6xe * Al* (5)
L dv _
ALT2 |v=y" —=-2y" Bl
dy
dv dv dy sdy
—=— =2y
e dy & & MI1A1
_ dy _ 2
—2y7 =12y x = —6xe" dM1
y dr y
dy 2 3
—+6xy =3xe" x>0 *
or Y y Al (5)
8(a) All Methods:
B1 Correct derivative
dy ~dv .
M1 Attempt o or & using the chain rule
Al Correct derivative
dM1 Substitute in equation (I) to obtain an equation in v and x only OR in equation (II) to obtain
an equation in x and y only (ALT 2)
A1 | Correct completion with no errors seen

20
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Guestion Scheme Marks
Number
8(b) IF: ej 2w o6 MIAL
e = I —6xe” ><(e’6x2 )dx :j —6xe > dx dM1
—6x7 6 —5x7
ve ™ =—e™" (+¢) Al
10
v(=y7)= O o et ddM1
10
y? S S eg ¥’ __ 10
6 e oev 6e* + ke Al (6)
[11]
(b)
M1 j +12xdx ) )
IF of form e and attempt the integration.
Al Correct IF
dM1 Multiply through by their IF and integrate the LHS. Depends on first M mark of (b)
Al Correct integration of the complete equation with or without constant
ddM1 | Include the constant and multiply through by e® Depends on both previous M marks of (b)
Al Any equivalent to that shown. (No need to change letter used for constant when rearranging)

21
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WFMO02 Further Pure Mathematics F2 Mark Scheme

%‘;‘E;%g? Scheme Notes Marks
1 5 . 5 _ Correct value for . May be shown
2 -321=0=r"=32=r=2 explicitly or used correctly. Bl
Applies a correct strategy for
establishing at least 2 values of 6. This
T T 2nr can be awarded if if the initial angle
50=—+2nr=>0=—+— e ju M1
2 10 5 (E or —j is incorrect but otherwise
their strategy is correct.
iz iz i3z iz ilZz
z=2e",2e7,2e",2e ", 2e At least 2 correct, follow through their » | Alft
or
7w 2nm).
Zzze(EJr 5 ]‘ n=0.12.3.4 All correct. Must have r =2 Al
(C))
Total 4
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Question
Number Scheme Notes Marks
X x+3
2 ”
2—x X
Way 1 X x+3 X x+3
b2 = — 0 Collects to one side M1
2—x X 2—x X
X x+3 ¥ —(2-x)(x+3
- —%0= ( )(x+3) 0
2-x ¥ x(2-x) MI Al
M1: Attempt common denominator
Al: Correct fraction
x=0, 2 These critical values Bl
xz—(2—x)(x+3)=0 _
Solves the 3TQ in the numerator M1
=2 +x-6=0=>x=...
3
x= E, -2 These critical values Al
% 3
x®-2, 0<x 5, x>2
Al: Any 2 of these with strict inequalities allowed AlA1
Al: All correct with inequalities as shown.
Ignore what they have between their inequalities
e.g. allow “or”, “and”, “,” etc. but not N
®)
Total 8
Alternative 1:xx’ (2 - x)2
x (2 - x) ” x(x + 3) (2 — x)2 Multiplies by a positive expression M1
3 2 Collects to one side M1
i (2 x) x(x + 3)(2 x) » 0 Correct inequality Al
x=0, 2 These critical values B1
2 —
x(2 x) I:x (x + 3) (2 x)] =0 Attempts to factorise by taking out a factor of
X - (x + 3)(2 - x) =0 x(2 — x) and solves resulting 3TQ. May have | M1
X quartic and apply the factor theorem.
=2X +x-6=0=>x=...
3
xX= E, -2 These critical values Al
AR 3
x®-2, 0<x E, x>2
Al: Any 2 of these with strict inequalities allowed AlAl

A1l: All correct with inequalities as shown.
Ignore what they have between their inequalities
g allow “or”, “and”, “,” etc. but not N
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q
%llllensﬂi(é? Scheme Notes Marks
3 (2+i)z+4 o (2ai)sid
W= - _i — Wwz-wi= ( + 1) z+ Attempts to make z the subject Ml
=z=..
wi+4 .
z= —2 Correct equation in any form Al
w—2-1
(u + iv)i +4
= . .
U+iv—2-1 Introduces w = u + iv and multiplies
SN . numerator and denominator by the Ml
— ((u * 1v)1 * 4)(u —2- (v _ 1)1) conjugate of the denominator
(u —2+(v—1)i)(u —2—(v—1)i)
Sets real part = 0 (with or without
denominator) Depends on both M marks dM1
p
u(v-1)+(4-v)(u—-2)=0 above
Any correct equation Al
Q. Correct equation in the required form
3u+2v-8=0 (allow any integer multiple) Al
(6)
Way 2 2+i)z+4 2+i)yi+4
z—1 yi—l1 Solves simultaneously and multiplies M1
( 2+ i) yi+4 i numerator and denominator by i
=X —
yi—i i
2y y—4 o
u= % V= —1 Correct real and imaginary parts Al
Y- Y-
2y u :
u= —1 =>y= > Attempts y in terms of u or v M1
y- u-
u
-4 Obtains an equation connecting u and v M1
y= oy —u=2
u—2 u 1 :
> - Any correct equation Al
u —
_ Correct equation in the required form
3u+2v-8=0 (allow any integer multiple) Al
(6)
Way 3 Apply the transformation to any point on the M1
maginary axis Eg (0,0)—(0,4) (0,1)—>(4,-2)
Apply the trari;?ﬁ:gﬁgg: :XSi:COHd pointon This is the second M mark on e-PEN MI
Both transformations correct This is the first A mark on e-PEN Al
Complete method to obtain an equation for the M1
line thro’ their 2 points in the w-plane
Correct equation in any form Al
. Correct equation in the required form
3u+2v-8=0 (allow any integer multiple) Al
Total 6
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Question
Number Scheme Notes Marks
4(a) d
(x+1)—y—xy263” x>-1
dx
__w e C tl d ti B1
AT, orrectly rearranged equation
dr (x+1) (x+1) Y sed et
=X J.[_HL)dx Correct strategy for the integrating factor | \ |
I=ed"" =¢ xt including an attempt at the integration
= o VHin(xH) For —x + In(x + 1) Al
= (x + l) e Correct integrating factor Al
o3 ! Uses their integrating factor to reach the
y(x+1)e =.[x+1><(x+1)e dx form yIZIQIdx M1
—X 1 X
y (x + 1) e = E e +c Correct equation (with or without + ¢) Al
_ e ce’ Correct answer (allow equivalent forms).
= + Al
2(x+1) (x+l) Must have y =...
)
(b) 1 9 Substitutes x = 0 and y=5 and attempts to
x=0,y=5=5=—4+c=>c=— Ml
2 2 find a value for c.
e + g Cao (oe) Must h Al
= ao (oe ust have y =...
2(x+1) 2(x+1) g
2
Total 9
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%Lllle;%g? Scheme Notes Marks
5(a) 2 dy > .
y=tan" x = a =2tanxsec” x Correct first derivative any correct form | Bl
d d’
& tanxsec? x = —)2} =2sec’ x+4sec’ xtan® x
dx MI1Al
M1: Correct application of the product rule and chain rule
Al: Correct expression
dzy 4 2 2 d3y 4 2 3 4
—5-=2sec’ x+4sec” xtan” x = —=8sec” xtan x+8sec” xtan” x +8sec” xtan x
) 30r M1
d’y 4 2 d’y 4 2
— =6sec’ x—4sec’ x = @Z 24sec’ xtan x —8sec” xtan x
M1: Attempt to differentiate using product and chain rule. At least one term to be correct
=8sec’ x tan x + 8sec’ xtanx(sec2 X —1) +8sec’ xtan x
=24sec’ xtan x —8sec” xtan x = 8sec’ xtanx(3 sec’ x—l) Al
Fully correct expression
3
(b) Attempts the values up to the third
=3, (1), =83, (1), =80, (»), =3523 o i
); b )'? b )? (v )? derivative when x = ? Ml
z) 80(  zY\ 3523( zY
y—3+8\/§()€—§]+2—!()€—§) +T[x—§j + M1
Correct application of the Taylor series 2! or 2, 3! or 6
2 3
y=3+8J§(x—z)+40[x—zj +£@ig[x—f) +
3 3 3 3 Al
Correct expansion
Must start y = ... or tan’x = .... f(x) only accepted if f(x) has been defined to be tan’x
3
Total 8
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Question
Number Scheme Notes Marks
6(a) . . 2 2 2 2
z+1-13i[=3] 2= 7=5i] = (x+1) +(y=13) =9{(x=7)" +(y-5)} -
Correct application of Pythagoras Accept 3 or 9 on RHS
— )7 —16x-8y+62=0 Correct equation in any form with terms Al
collected
Centre (8, 4) Correct centre. iincluded scores AO Al
P =64+16-62=.. Correct method for 7 or 7 M1
r=+/18 or 342 Correct radius. Must be exact. Al
(6))
(b) N 37 3 Converts the given locus to the correct
arg(z—8—61)——T:>y—6—x—8 Cartesian form Bl
=>x +y —16x-8y+62=0
— (x _ 2)2 16x— 8(x _ 2) 62 =0= x= Uses both Cgrtesian equations to obtain
an equation in one variable and attempts | M1
or to solve
2 2
=(y+2) +y —16x-8(y+2)+62=0=y=...
x=7-232 or y=5- 22 One correct “coordinate” Al
Ris 7-2v2 + (5 - 2\/5)i Correct complex number or coordinates
or and no others. Al
x=7—2\/§ andy=5—2\/§ Must be exact
“4)
Total 9
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Question
Number Scheme Notes Marks
7(a) 2 dx dt . .
x=t"=>—=2— o€ Correct application of the chain rule M1
dy dy
— d_y _ id_y ( or 1 dy j Any correct expression for ayor Al
2de |08 t
dr d 2( d equivalent equation
dv d L d 42 d2v d Fully correct strategy to obtain an
T N L i
dx dx® df" dx | equation involving —=-and —=-
d q & dx? dr 42 dM1
(NB—- A y Chain rule used on at least one term.
dr? dx Depends on the first M mark
d*y d’y d ., dy
4x—+2(1+2f)——15 15x = 4x—2 +4( +2=2 15y =15x
d’ A ar? o
d’y . dy 2
:>—+2 —15y=15t"* ddM1 AT1*
i a7
ddM1: Substitutes into the given differential equation. The full substitution must be seen.
Depends on both M marks.
Al*: Cso
3
(b) m’+2m—-15=0=>m=3,-5 Attempts to solve m” +2m—15=0 M1
y=Ae” + Be” Correct CF Al
d d’
y=at’ +bt+c :>—y=2at+b:—§}:2a
dt dt Ml
= 2a+4at+2b—15at’ —15bt —15¢ =15¢°
Starts with the correct PI form and differentiates twice and substitutes
—15a=15=a~=... Complete method to find a, b and ¢ by
4a—-15b=0=b=... comparing coefficients. Values for all 3 dM1
2a+2b—15¢c=0=c=... needed. Depends on the second M mark.
- 4 38
y=dAe> +Be” ' ——t——— Correct GS. Must start y = ... Al
15 225
(6))
© 5ix 4 Correct equation (follow through their
y=de +Be’ I 225 answer to (b)) Must start y = ... Blft
(0]
Total 11
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Question
Number Scheme Notes Marks
8 _ _ .
(@) x=rcosd = (1 +sin 9) cos 6 Differentiates 7 cos @ using product rule
gp M1
— dx _ cos® 6 —(1+sin6)sin 6 or double angle formula
de
or
dx . Correct derivative in any form Al
:>£ =—sin @+ cos 26
cos’ @ —(1+sin@)sinf =0 =>1-sin’ §—sin&—sin’ § =0 = 2sin’ O +sind—-1=0
or
—sin@+c0s20=0= —sin@+1-2sin*#=0=2sin*G+sinf—-1=0 dM1
dx
Sets @ = 0 and proceeds to a 3TQ in sind
Depends on the first M mark
= 2sin* @ +sinf@—-1=0
1 Solves for 6. ddM1
=sinf = > (—1) =60=.. Depends o both M marks above.
E i Correct coordinates and no others. Al
2° 6 Need not be in coordinate brackets.
(6))
b
®) N2 40— . .2 Attempts 1 7> dé and applies
(1+sin@) d6 = (1+2s1n¢9+s1n 9)d9 5
1 1 M1
. 1 1 inf=+—+—
= J.(l + 251n<9+5—50052t9jd9 sin" 0 == ) c0s 26 Ignore any
limits shown
. 3 1 .
I(l +sin 9)2 dé = 5 0—2cosf— 2 sin 26 (+C) Correct integration (Ignore limits) Al
1|3 I . 2
—| =60—-2cosf ——sin26 ] o V4 T
212 4 z Applies the limits of —and their —
6 2 6 M1
1137z (= \/g 9 \/g S.ubst}tutlo‘n must be shown but no
= 5 T - Z - \/g - ? = Z + ? simplification needed
Trapezium:
1 3.z 3
—| 2+| 2—=sin— | | x—cos—
2 2 6 2 6 Uses a correct strategy for the area of M1
19 \/g trapezium OQSP
Fully correct method for the required
Area of R = % L & area. Depends on all previous method dM1
32 4 16 marks.
1
5(21\/5—8”) Cao Al
(6)
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Question
Number

Scheme Notes

Marks

9(a)

n’ —(n—l)5 =n —(n5 —5n* +10n° —10n° + 5n —1) =...
Starts the proof by expanding the bracket

Ml

Correct proof with no errors. Full
5n* —10m° +10n*> —5n+1%*

expansion of (n - 1)5 must be shown.

AT*

2

(b)

1F-0°=5(1)" -10(1)’ +10(1)* =5(1) +1
2°—1° =5(2)" ~10(2)’ +10(2)" -5(2) +1
ey _(n_z)s:S(n_l)4_10(’1_1)3“0(”_1)2_5(” .
(n) =(n—=1)" =5(n)" =10(n)’ +10(n)" =5(n)+1

n = SZn:l/‘ —lOZn:r3 +lOZn:r2 —SZn:r+n
r=1 r=1 r=1 r=I1

M1: Applies the result from part (a) between 1 and # and sums both sides
Min 3 lines shown
Al: Correct equation If only the last line is seen, award M1A1
These marks can be implied by a correct following stage.

MIA1

n’ :5ir4 —10><%n2 (n+1)2 +10x%n(n+1)(2n+1)—5x%n(n+l)+n
r=1

M1: Introduces at least 2 correct summation formulae
Al: Correct equation

MIA1

521’4zgnz(n+l)2—gn(n+1)(2n+l)+§n(n+l)+n5—n=---
LA 5 5 5,35

SZr :n(n+1)[5n(n+1)—§(2n+1)+5+n —n —|—n—1}
r=1

Makes SZ r*or z * the subject and takes out a factor of n(n + 1)

r=1 r=l1

Ml

. 1
r =%n(n+1)[15n(n+1)—10(2n+1)+15+6(n3 —n*+n-1)]

r=1
:%n(n—l—l)[&f L 952 +n_1]:%n(n+l)(2n+l)(...)

Takes out a factor of n(n + 1)(2n + 1)
Depends on all previous method marks

dM1

:%n(n+1)(2n+l)(3n2+3n—l) cao

Al

(@)

Total 9
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Question Scheme Marks
1(a) y= \/(—4)2 +(—4\B )2 = M1
tanH:#:H:tan‘l(x/g)iﬂ M1
( 27[} . ( 27z)
8| cos| ——— |+1sin| —— Al
( 3 3
3)
2
®) z=re’ = (rew )3 = —4—4\/5 =7 (em) =8 3
=r=38=2 M1
30=— 27 (12kn) = 9:—2—”{2"—”) M1
3 9 3
Sr 2m Ax Alft
Soz=2e ° ,2¢ ° ,2e” Al
4)
(7 marks)
Notes:

(@
M1: For a correct attempt at the modulus, implied by a correct modulus if no method seen and allow recovery
if correct answer follows a minor slip in notation.

_ a1
M1: For an attempt to find a value of # in the correct quadrant. Accept tan ! (\/5 ) +7 or tan”' (—j tr

NE

2 4 5 7
May be implied by sight of an of _5”’5”’_8”’8” .

Al: cao as in scheme, no other solution.
(b)
1

M1: Applies De Moivre’s Theorem and proceeds to find a value for r ie (their 8)g

M1: Proceeds to find at least one value for € — ie their argument/3.

Alft: At least two roots correct for their » and 8. (Must come from correct method, watch for correct roots
coming from an incorrect angle due to errors.)
87

—
Al: All three correct roots and no others. Accepte.g 2e ° as aslip in notation, so allow marks.
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Question Scheme Marks
2 2m2—5m—3=0:>(2m+1)(m—3)=0:>m=... M1
1
So C.F.is (e =) de 2 + Be™ Al
P.Lis yp = axe” B1
d d’
S _ 3axe™ 1+ ae™, —yfl =9axe™ +3ae™ +3ae*
M1
= 2(9ax+6a)e™ —5(3ax+a)e™ —3axe™ =2e" = a=..
2
P Al
7
_L )
General solution is ¥ = 4e ? + Be™ +7xe3x Bift
(6)
(6 marks)

Notes:

M1: Forms and solves the auxiliary equation.
Al: Correct complementary function (no need fory = ...)

. . . 3x .
B1: Correct form for the particular integral. Accept any PI that includes axe’”, so e.g. (ax +b)e " is fine.

M1: Attempts to differentiate their PI twice and substitutes into the left hand side of the equation. The
derivatives must be changed functions. There is no need to reach a value for the unknown(s) but their PI must
contain an unknown constant.

Al: Correct value of ¢ (and any other coefficients as zero). Must have had a suitable PI

B1ft: For y = their CF + their PI. Must include the y =. The PI must be a function of x that matches their
initial choice of PI, with their constants substituted.
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Question Scheme Marks
3(a) Meet when
4
¥ —8x = = (¥ ~8x)(4—x) = 4x = x(4x 322" +8x—4) =0 M1
4-x
(sox=0or) x> —12x+36=0 Al
:>x(x—6)2=0:>x=... M1
Meet at (6,—12) Al
e.g. touch at (6,—12) as repeated root. B1
)
Al d, , d( 4x j 4(4-x)-4x(-1) 16
—(x"—8x)=2x—-8 and — = = M1A1
dx< ) dr\4—x (4-x) (4-x)
16
2x-8= 2:>(x—4)3:8:>x:... M1
(4-x)
Meet at (6,—12) Al
5 4x6
e.g. 6°—6x9=-12 and =-12, so curves meet at tangent at (6,—12) B1
)
4
(b) x2—8x:4 al :>x(x—8)(4+x)—4x=0:>x(x2—4x—36)=0:>x:.. M1
+ X
x=(0),2% Zx/ﬁ = critical value is (0 and) 2 — 2\/5 Al
Other C.V.’s are 0, +4 B1
E.g. extremes are X < 2- 2\/5 and x > 6 or any two suitable ranges. Ml
Solution is ¥ <2—210,~4 < x<0,4<x<6,x>6 AlA1
(6)
(11 marks)
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Notes:

(@)
M1: Attempts to find intersection by setting equations equal and cross multiplies and factorises the x out or
cancels.

Al: Correct quadratic reached. May be implied by solutions of 0,6 seen from the cubic (by calculator)

M1: Solves the quadratic to find roots.
Al: Obtains the correct point where the curves meet.
B1: Correct reason given for why the curves touch. Accepted “repeated root” as reason. As a minimum,

2
accept (x - 6) =0 therefore touches”. Alternatively, accept discriminant = 0 shown with conclusion, or

may find gradient at both points and show equal, with conclusion.

Alt:

M1: Attempts derivatives of both curves

Al: Both derivatives correct.

M1: Sets derivatives equal and solves to find x value where gradients agree.

Al: Obtains the correct point where the curves meet.

B1: Correct value checked in both curves with conclusion that they meet at a tangent or equivalent working
as per main scheme.

(b)
' . 4x
M1: Attempts to find the intersection of the other branch of x| with x* —8x. Allow for any attempt at
— | X
. 4x 2
solving = X" —8x that reaches a value for x
+X

Al: Correct value of 2— 2\/5 identified. (No need to see the second root rejected for this mark.)

B1: Both 0 and +4 identified as critical values for the ranges needed at some stage in working.
M1: Forms at least two suitable ranges from their critical values (allow if e.g. < is used instead of <). Likely

to be the extreme ranges, so look for x < their 2- 2@ and x > their 6. However, allow if this latter is
included as part of the range x > 4 for this mark.

Al: At least two correct ranges.

Al: Fully correct answer as in scheme.
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Question Scheme Marks

4(a) w2 Completes to a closed loop with “petals”
~ containing circle of radius 1 (whether M1
the circle is drawn or not)

Fully correct — 6 petals in roughly the
right places, but allow if curvature is not Al
quite smooth.

Initial line

Circle centre O radius 1. B1
e
3)
b 1 1
®) L 2 ao=( L] [ 16-12c0s60+2 cos? 60 | do M1
2 2 4
1 9
=3 16—1200369+§(1+c0512¢9) de M1
0 ~
:1{166’—23in66’+2(0+isin120ﬂ Mi
2 g\ 12 . Al
1 2z 1 27 9
A, =—I r de=—j (16—1200s66’+—cos2 66’] de
2), 2J, 4
1 9 dM1
:_(3zﬂ-0+_(zﬂ+o)-(o)j
2 8
1 9
So Area required is 5(3272 -I-Tﬂj —r(1*)=... B1
129
_129 Al
8
™
(10 marks)
Notes:
(a)

M1: Allow for any closed loop that oscillates, though may not have the correct number of “petals” but require
at least 4 . Need not have correct places of maximum radius.

Al: Fully correct sketch, 6 “petals” in the right places, with maximum radius between the 5 and 6 radius
lines, minimum between the 2 and 3 radius lines.

B1: For a circle of radius 1 and centre O drawn.

(b)

MI1: Attempts to square 7 as part of an integral for the outer curve, achieving a 3 term quadratic in cos 66
M1: Applies the double angle formula to the cos? term from their expansion (not dependent on the first M,

1
but must have a cos® term). Accept cos” 66 —> E(il +cos 126’)

M1: Attempts to integrate, achieving the form a8+ £sin 60 + ¥ sin126 where a, 5,y #0
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1 . 9 1 .
Al: Correct integration — limits and the E not needed. Look for 1660 —2sin 66 + g(e + E sin126 j oe.

dM1: Depends on at least two of the previous M’s being scored. For a correct overall strategy for the area
contained in the outer loop, with an attempt at the 7* (should be 3 term expansion). Correct appropriate limits

1
and the 7 should be present or implied by working, but note variations on the scheme are possible, e.g.

i 1
2% % J‘ r* d@, in which the 2x E may be implied rather than seen.
0

B1: Subtracts correct area of « for inner circle
Al: cso. Check carefully the integration was correct as the sin terms disappear with the limits.
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Question Scheme Marks
1
SO Sy L M1
dx 2 x Al
1
5 0— \/4+lnx+x><l(4+lnx)7><l
dy 1 2 ) or
dx* 2 x (4+lnx) Mmi
: 1 =1 1 1 -
d ): = ——(4+lnx) : x———zx—(4+lnx) > oe
dx 4x X X
_ - 9+2Inx _ M1
4x* (4+Inx)2 4x* (4+Inx)2 AT*
(©))
Alt(a) 2 gy L M1
h% nx h% & Al
d? AR
:>2y—)2}+2(—yJ =-— M1
dx dx x
d’ 1 2 -2y° -1
= )2;:_ 2 q2.3 y23 M1
dx 2yx° 8x7y 4x°y
_ 9+2Inx
-3 Al*
4x* (4+1Inx)2
(©))
(b) dy 1 d’y 9
= 2’ — =—, — = —— Ml
T R 3
I 9
So y=2+—(x—1)——x—(x—1)"+ Mi
132
1 9 2
=24+—(x-1)——(x-1) + Al
L))
(&)
(8 marks)
Notes:
(@
K 1
M1: Attempts the derivative of y using the chain rule, look for —(4 +1In x) 2 oe
by
Al: Correct derivative.
M1: Attempts the second derivative of y using the product or quotient rule and chain rule. Look for the
d
correct form for their Ey for the answer up to slips in coefficients.
M1: Attempts to simplify to get correct denominator. Must be correct work for their second derivative, but
may have been errors in differentiating.
Al*: For a correct unsimplified second derivative, with no errors before reaching the given answer.
Note it is a given answer so needs a suitable intermediate line with at least the formation of the correct
common denominator between two fractions before reaching the answer.
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Alt:

B

d
M1: Squares and uses implicit differentiation to achieve o yay =—
X

Al: Correct derivative.

2 2
M1: Differentiates again using implicit differentiation and product rule. Look for yy jx—); +0 (%) -
dzy . . . . . 2.3
M1: Makes ? the subject and forms single fraction with denominator kx”y

A1%*: Obtains the correct second derivative, with no errors seen in working.
(b)
2
d’y
de atx =

attempts at the first and second derivatives as an attempt to find these.

M1: Evaluates y, Ey and 1, if substitution is not seen, accept stated values for all three following

M1: Applies Taylor’s theorem with their values.
Al: Correct expression (don’t be concerned if the y = is missing.)

5(b) Al —1?
(B Al y=\/4+ln(1+(x—1))=\/4+((x—1)—(x21) +j Mi
1 I lx_l 3
:42+%x42x((x—1)—(x_21) J+ 2 Y 2 x475><((x—1)—...)2+... Mmi
D S e DI D
—2+Z(x—1)—§(x—1) 64(x " +.. 2+4(x 1) 64(x 1) +... Al
(&)
Notes:

M1: Writes the x as 1+ (x — 1) and attempts to expand using the Maclaurin series for In(1 + x) with correct
expansion of In(1+ (x — 1)).

M1: Attempts a binomial expansion using their In expansion. Alternatively, may gain this before the first M
I -1

. . S lyse 20
if they expand using In’s, e.g. 4% + 54 2lnx+ = (Inx)

Al: Fully correct expression (don’t be concerned if the y = is missing.)
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Question Scheme Marks
tan x — tan
6(a) Let x =arctan 4 and y = arctan B then tan(x—y) = )
l+tanxtan y B
A- B
Or tan(arctan A —arctan B) = tan arctan 4 — tan arctan
1 + tan arctan A4 tan arctan B
tan(x—y) = A8 = x—y =arctan A-5B M1
Y 1+ 4B r= 1+ AB
A-B
So arctan 4 —arctan B = x — y = arctan * Al*
1+ AB
3
(b) A=r+2.B=r= A—B: r+2-r zz -
1+4B )1+(r+2)r
2 2
= 2 = 2 % Al*
ro+2r+1 (1+7r)
(0]

(© Z arctan ( o) J = Z (arctan(r +2)— arctan(r)) =.. M1

r=l1 r=l1

=| arC —arctanl)+(M—arctan 2)+(M—M)+

Al
+ (arctan(n +1) —M) + (arctan(n +2)- M)
= arctan(n + 2) + arctan(n + 1) — arctan 2 — arctan 1 M1
= arctan(n + 2) + arctan(n + 1) — arctan 2 —% Al
“4)
C) As n — oo, arctann —)% M1
2 T T 3z
So arctan - |=—-+——arctan2 —— =———arctan 2 Al
. (+r) 2 2 4 4
(2)
(11 marks)

Page 57 of 123



FP2 2022 01 MS

Notes:

(a)
B1: For any correct statement or use of the compound angle formula with consistent variables of x and y or
arctan 4 and arctan B. Can be either way round (may be working in reverse).

M1: Attempts to apply tan or arctan on an appropriate identity with either x and y or arctan 4 and arctan B.

tan x £ tan y
Should have 7 (oe with arctans or A’s and B’s) as part of the identity, and allow if they change
It tanxtan y

between x,y and arctan’s during the step.

Al*: Must have scored the B and M marks. Replaces tan x and tan y by 4 and B respectively if appropriate
with fully correct work leading to the given result and conclusion made and no erroneous statements.

Note: for working in reverse e.g.
Let x =arctan 4 and y = arctan B then

arctan 4 —arctan B = arctan _ & x—y =arctan _ < tan(x—y) = — Scores M1
B 1+ 4B 1+ 4B
tanx—tan y
& tan(x—y)=——— Scores Bl — but enter as the first mark.
l+tanxtan y
Which is the correct identity for tan(x — y) hence the result is true. Score Al

The conclusion here must include reference to the identity being true, e.g. with a tick, or statement, before
deducing the final result.

(b)

M1: Substitutes in A = r + 2 and B = r and simplifies the numerator to 2 (may be implied)

A1%*: Expands the denominator (must be seen) and then factorises to the given result, no errors seen.
(©

M1: Applies the result of (a) to the series — allow if they have a different 4 and B due to error.

Al: At least first three and final two brackets of terms correctly written out — must be clear enough to show
cancelling.

M1: Extracts the non-cancelling terms.
. .7
Al: Correct result with no errors seen — must see the arctan 1 before reaching Z

Note: Insufficient terms to gain the first A is not an error, so MIAOMI1AL is possible if e.g. only the first two
terms are shown. Condone missing brackets on arctan n + 1 etc.

(d)

M1: Identifies the value arctan tends towards as n increase. Need not see limits, as long as the value is
identified.

Al: Correct answer.
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Question Scheme Marks
7(a) Z:(O_l_)iijz(1+1)1.y+?(1—1):—y+.2-|-1(y—2):y—2+1(y—2) M
1y—i i(y-1) y-1
—u=y or Imw=Rew Al
)
(b) Mﬁ:0+nz+20_n:jzzzﬂ‘ﬂ+“”:2_v+“”_2) v
z—1 w—1-1 u—l+i(v—1)
2—v+i(u—2)xu—l—i(v—l)
u—l+i(v—l) u—l—i(v—l) .
_(2—v)(u—1)+(u—2)(v—1)+i((u—1)(u—2)—(2—v)(v—1)) M
Imz=0=w-Hu-2)-2-v)(v-1)=0
=S wu-)u-2)-2-v)v-1)=0=>u" -3u+2+v' -3v+2=0 Al
2 2
D(u—éj +(V—ij :l M1
2 2 2
.3 3. .
Centre is —+ —1 and radius is — AlAl
2 2 2
(6)
(8 marks)
Notes:
(@)

M1: Correct method to find the equation of the image line — e.g. substitutes in z =iy and rearranges to
Cartesian form. May use x +1iy and later set x = 0. Alternatively, may start as in (b) and then set
C—v u-D+w-2)v-1)=0=2u—-—v-—uv-2+uv+2-2v—u =0 etc.
Another alternative is to find the image points of two points on the imaginary axis and to find the line from
these.
Al: For u =v oe equation. Accept Im w = Re w, or x =y if they have set w = x +iy.
(b)
Note: Accept work done in part (a) that is relevant to part (b) for credit if appropriate.
M1: Makes z the subject, substitutes w = u + iv into the equation.

M1: Multiplies the numerator by the complex conjugate of denominator and extracts the imaginary part and
sets it equal to zero to form an equation in «# and v. Do not be concerned about the denominator.

Al: Correct equation in u and v for the circle.

M1: Completes the square on their equation to extract centre and radius. Not dependent, so allow as long as a
suitable equation in « and v has been reached.

. . 3 .
Al: Correct centre or correct radius. Accept either E + 51 or E’E for the centre.

Al: Correct centre and correct radius. As above. Accept equivalent forms (need not be simplified)
Allow the final two A marks if all that is wrong is an error in the denominator. (M1IMOAOMI1A1A1 is
possible.)
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7(b) Real axis is z = x(-l—()i) , SO

Altl u+iv=(1+1)x+?(1—1):(1+1)x+2(l—1)xx+%:
x—1 x—1 xX+1 M1
(1+i)x2+2x(l—i)+(i—1)x+2(i+l)_x2+x+2+i(x2—x+2)
X’ +1 x”+1
X 4x+2 x+1 X —x+2 x—1
U=—:7 =l+—F—v="- =l-——=utv=2+—
x +1 x +1 x +1 x +1 x +1 M1
(x+1)° +(x—=1)° _ 2x* +2 2 Al

=wu-1)"+(wv-1)7>= =u+v-2

(x> +1) (x*+1) *+1

2 2
= u—i + v—z :l M1
2 2 2

V2

2

3 3.
Centre is 5 + 51 and radius is Al1A1

©)

Notes

M1: Sets z = x in the equation (or uses x + iy and later sets y = 0) and multiplies by complex conjugate.
M1: Eliminates x from the equations (one suitable method is shown, others are possible).

Al: Correct equation in u and v for the circle.

M1: Completes the square on their equation to extract centre and radius

. 3 3.
Al: Correct centre or correct radius. Accept either 5 + 51 or (E,Ej for the centre.

A1: Correct centre and correct radius. As above.

—1

7(b) Unlikely to be seen
Asiand —i are inverse points of the line, so their images are inverse points of the
Alt2 circle. M1
) . —+1+2-21 3 3.
=21 2 2 M1
3 3. Al
Hence (as « is the other point) the centre is 5 + 51
M1
2-21 ) 13 3. . Al
0—> =2+2i So radius is 5-1-51—2—21:...

JE Al

(b) Alt 3 MI1: Attempt to find images of three different points on the real axis.

M1: Correct method to find centre from three points — e.g. intersection of two
perpendicular bisectors.

Al: Correct equation for the centre.

M1: Uses centre and one point to find radius.
Al: Correct centre

A1l: Correct radius
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Question Scheme Marks
d d
8(a) vy Bl
dx dx
dy ; dv 3
—+2yx(y—4x)=2-8x —)—+2+2(v+2x)x(v+2x—4x) =2-8x
dx dx
d
42420 (V-4 ) =280 M1
BN, R Al*
dx
“
I dv _
(b) ——=-2 :>J‘v2dv:—2jxdx B1
v
-1 2
v X
=>—=-2—(+¢) M1
- 2
=—=x"+c Al
%
1
>V = 3 Al
X +c
“
(©) y=2x+— Bift
X +c
0]
1
(d) “l=2x-l4+—=c=.. M1
I+c
1
y=2x+— Al
X
Attempts the sketch for their equation, with
at least one of
- One branch correct M1
- Vertical asymptote for their equation
- Long term behaviour tends to infinity
- Minimum in quadrant 1
Fully correct shape, two branches tending to
infinity as x tends to infinity both directions, Al
with minimum in first quadrant
No need for oblique asymptote marked.
y-axis a vertical asymptote labelled B1ft
)
(14 marks)
Notes:
(@)
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B1: Correct differentiation of the given transformation. Allow any correct connecting derivative, e.g.

d_y:1+2% or Qzl—Zg
dv dv dy dy
M1: For a complete substitution into the equation (/).

M1: Applies difference of squares, or completely expands brackets of the left hand side. Alternatively, may
rearrange and factorise to give 8x’y —2xy” —8x’ = —2x( Vv —dxy+4x° ) =-2x(y—2x)* before

substituting.

A1%*: Reaches the given answer with no errors seen.
(b)

B1: Correct separation of the variables.

M1: Attempts the integration, usual rule, power increased by 1 on at least one term. No need for + ¢ for the
method.

Al: Correct integration including the + ¢

Al: Correct expression for v.

(©)

B1: Follow through their answer to (b), so y =2x+ their v from (b)

(@)
M1: Uses the point (—1, —1) to find a value for the constant in their equation. Must have had a constant of

integration in their equation to score this mark.
: . : . . 1
A1l: Correct equation for y following a correct general solution. Withhold this mark for y =2x+—+c¢
X

leading to the correct equation.
Note: the following three marks may be scored from a correct equation that arose from having no constant in

1
(b) or from y=2x+ ? + ¢ (which gives the same equation).

M1: Attempts a sketch for their curve. See scheme. Look for at least one of the key features for their equation
shown.

Al: Correct shape, two branches tending to infinity as x tends to infinity both directions with a minimum in
first quadrant. Not a follow through mark, so must be the correct curve.

B1ft: Correct vertical asymptote at x = 0. Need not be labelled if it is clearly the y-axis. Follow through their
equation as long as there is at least one vertical asymptote (ie for a negative ¢ they need a pair of asymptotes
symmetric about the y-axis).

Pearson Education Limited. Registered company number 872828
with its registered office at 80 Strand, London, WC2R ORL, United Kingdom
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Question
Number Scheme Marks
1
(a) 2n+1:A(n+1)2+an:>2n+1:Anz+2An+l+Bn2
A=1 B 1 ! ! B1 1
n? (n+1)? M
(b) Z 2r+1 _Z”:(l 1 J
2 2 2 2
e 1°(r+1) e~ \r° (r+l
M1
1 | 1
_5_2_ 7 Ry suil ool R 2_(n+1)2
i 2r+1 1 1 N
~ r’(r+)’ 5 (n+ 1)2
n+2n+1-25 n’+2n-24
= = MI1A1 4
25(n+1)’ 25(n+1)’ )
[5]
Notes

(@)

B1 Both values correct with or without working seen, may be in the expression. Ignore incorrect
working.

(b)

M1 Show sufficient terms to demonstrate the cancelling. Require at least one cancelling term seen. Must
start at =15 - MO if starting at e.g » = 1 unless there is a full process to complete the difference
method (same condition) and apply f(n) —f(4)

Al Extract the two correct terms, or in the Alt obtains a correct overall expression.

M1 Write the terms with a (non-zero) common denominator with at least numerator correct for their
terms. Not dependent - may be scored following MO if no cancelling terms were shown, but must
have had exactly two terms to combine from differences.

Al Correct answer in the required form or accept correct values stated following an unsimplified form.
(Allow as long as correct terms were extracted, even if no cancelling terms were shown.)

Note: this means MOAOM1A1 can be scored for answers which show only the last two lines of the
scheme with no cancelling process shown.
Note: if e.g. 7 is used in place of n allow full marks if recovered, but AQ if left in terms of .
Alt®) | 2rdl (1
for first Zﬁzz - 2
two — r°(r+1) —i\r* (r+l)
marks

lrd a4 - ww e

2
_953 e B MIA1
Pl () 25) U (n+1? 25
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Question
Number Scheme Marks
2@ |Eg (x+3)(x-5=9=x"-2x-24=0=>x=...
2
OR (x—=5)(x+3) =9(x+3)=0 = (x+3)(x—6)(x+4)=0=>x=...
(x=5)(x-+3) ~9(x43) =0 = (x+3)(x~6)(x+4) .
x+3)(x-5)-9
OR (x+3)(x=5) <0=>x"-2x-24=0=x=...
x+3
CVs: 6, —4:;-3 Al;BI
x<—4, —-3<x<6 dMI1A1A1
OR: xe (—3, 6) v (—oo, —4) or any equivalent notation. (6)
(b) x <6, x#-3 orany equivalent notation. gl)ftBl
8]
Notes
(@)
M1 : o 9
For a correct algebraic method to find the intersection points of y =x—35 and y = —3 . May set
X+
these equal and form a quadratic and solve.
May multiply through by (x + 3)2 and collect on one side or use any other valid method
(x+3)(x+2)-12
Eg work from 3 >0 Answers only from a calculator score M0. Must reach at
X+
least a quadratic or cubic before answers given. Do not be concerned with the equality or inequality
for this mark.
Al For 6, —4 obtained via a valid algebraic method.
B1 for the CV -3 seen anywhere
dM1 Obtaining (any) inequalities using all of their critical values and no other numbers.
Al For at least one correct interval allowing for ... or ,, used instead of <and >
Alcso Both correct ranges and no extras. Use of ... or ,, scores AQ. May be written in set notation, and all
work should have been correct so penalise if incorrect inequalities method was used at the start.
Accept x <—4 and/or —3< x <6 with “and” or “or*
For candidates who draw a sketch graph and follow with the cvs without any algebra shown only the
B mark is available. Those who use some algebra after their graph may gain marks as earned
(possibly all)
(b)
Bift . . . . .
For the "x < 6” in some form with the possible exception of the CVs from (a). Allow x,, 6 if
already penalised in (a). It is essentially for realising all the extra (valid) values less than —3 are
solutions while retaining all their given solutions. If only the CVs themselves are excluded allow B1.
Follow through their answer to (a).
Bl Fully correct answer. May give as intervals x < —3,-3<x<6
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Question Scheme Marks
Number
z
3 w= -
z+4
. . 4iw
w(z+4i)=z= z(1-w)=4iw or z= oe MIAL
-w
4iw
|z|=3 ‘:3 dMm1
l-w
|[4iw] =3[1-w|
w=u+iv 16(u2+v2)=9((1—u)2+v2) ddM1A1
160” +16v* =9(1-2u+u” +v°)
Tu’ +7v +18u—-9=0
2
9 144
(u +—j +1P=— dddM1
7 49
9 12
Centre | ——,0 Radius — AlAl ®)
7 7
Notes
(a)
M1 re-arrange to z = .... or an expression z(aw+ f) =yw+05
Al correct result
dam1 dep (on first M1) using |Z| =3 with their previous result
ddM1 | dep ( on both previous M marks) use w=u+1v (orw= x+1y or any other pair of letters) and
attempts the squares of the moduli. The i’s must be dealt with correctly, but allow e.g. 3> —3
Al for a correct equation quadratic in u# and v after squaring (including squaring coefficients).
dddM1 | dep (on all previous M marks) re-arrange to the completed square form of the equation of a circle
(same coeffs for the squared terms) or implied by a correct centre or radius following a correct
equation with terms gathered.
Al either correct and exact.
Al both correct and exact.
Note: Allow recovery for the last three A’s if all that is incorrect in is the wrong sign in their
. . —4iw
expression forz, ie z =
l-w
If you see alternative methods, e.g. via Apollonian approaches or attempts to use z =x + iy in the
original equation, that you feel are worthy of credit please use Review to consult your team leader.
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Question
Number Scheme Marks
d
4 2 3ptanx=e*sec’ x
dx
() o m _ mseer o0 ¢ or cos® x MIAIL
s dy . 2 4x 3 3
cos xa—3ysmxcos X=¢e" cos xsec x
i( cos’ x):e‘“‘ = c0s3xzje4xdx M1
& y y
1
ycos3x=ze4" (+c) Ml
_ 1 4x 3 _ 1 4x -3
y= Ze +clsec’x or y= Ze +c|cosx  oe Al
(©)
1
(b) y=4, x=0 4= Z+C
15
c=— M1
4
y=1(64x+15)sec3x or l(e‘“‘+lS)cos‘3x oe Al
4 4
2
[7]
Notes
(a)
M1 Attempt the integrating factor, including integration of (-3)tan x; Incos or Insec seen
Al Correct simplified integrating factor sec” x or cos’ x
M1 Multiply the equation by the integrating factor and integrate the LHS. Look for
y x their IF = J'(e“ sec’ x x their IF) dx (condone missing dx)
M1 Integrate RHS, constant not needed. Must be a function they can integrate and a valid attempt (e.g.
allowing coefficient slips).
Al Correct result in the demanded form, including y =.., constant included
(b)
M1 Use the given initial conditions to obtain a value for ¢
Al Fully correct final answer. Must include y = .. but allow A1 if missing and penalised in (a). May be
in the form ycos’ x=...or 4ycos’ x=...
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Question
Number Scheme Marks
s |4 _z(d_yf )
) d? pldx
a 2
@ (d_yj d ); seen Bl
dx ) dx
3 2 3
i§=_i(éq§%q_%(ﬂq MIAITAI
dx y\dx v dx
4
2 2
ALT: (d_yj - 2(d_yjd_y seen B1
dx dx ) dx’
dy(d d d d d
| e e & &2 wial
dx { dx dx dx J\ dx dx
dy 1 & d
e Al (@)
dx vy dx dx
d’y 1 2
®)  [Atx=0  S5=(-2x(1)+4)=1 BI
dx2 2 ( )
3
1
jx—);:—(—leJrZ)xl:— M1
2 3
X -3 \x
=)2+x+(1)—=+] — |[—+... Ml
(v=) 3, ( 2 j 31
—2+x+1x2—lx3+ Al 4
b% > 2
[8]
Notes
(@)
2
B1 [d—yj d—J; seen in the differentiation
dx ) dx
M1 Divide equation by y and differentiate wrt x chain and product rules needed. LHS correct
Al Either RHS term correct. Need not be simplified.
Al Both RHS terms correct. Need not be simplified.
ALT
2 2
B1 (d_yj —2 (d_yj d—); correct differentiation of middle term.
dx dx
M1 Differentiate before dividing. Product rule must be used.
d2
Al Correct differentiation of y K); and 2y
'y
Al Rearrange to a correct expression for o (need not be simplified)
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(b)

B1

M1

M1

Al

Notes

2
Correct value for —); . May be implied by the term in their expansion.
dx

3
Use their expression from (a) to obtain a value for E); (May be implied - you may need to check if

their value follows from their expression in (a).)

Taylor's series formed using their values for the derivatives, accept 2! or 2 and 3! or 6

Correct series, must start y =..., or allow f(x) = ... as longs y = f(x) has been defined in the question.
3

. Y
Must come from a correct expression for @
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Question
Number Scheme Marks
6 (a) d(rsin@
g =4acos@+4acos’ @—4asin®@ or 4acosd+4acos26 oe
do
d( 9) M1
7 cos
(Or allow —— = =—4asin@—8acosfsin@ or —4asinf—4asin26)
E.g. 4acos@+4acos’ @—4asin® @ =0=>cos@+cos’ —(1—-cos’0)=0 M1
2c0s’@+cos@—1=0 terms in any order Al
(2cos@—1)(cos@+1)=0=cosO=... ddM1
1
[cos@z;:j 19:% (6 =7 need not be seen) Al
3
r:4a><E:6a Al (6)
(b) Area:lj‘rzdezlj‘%waz (1+cos@)’ do
2 2%
16a° (5 )
= .[z (1+2c056’+cos 0)d9 Ml
6
z 1
:8a2J‘”3 (1+2c059+5(cos20+1))d0 M1
B
2 : (1. 3
=8a 9+2sm¢9+5 Es1n26’+0 dM1Al
s
1 1
8a>| Z + 3+—><£+£— sl Bz Al
3 4 2 6 6 4 2 12
8a’ [z + \/g - 1}
4
3
Area R =84 [%+\/§—1}—6a2 (1+§] = a* (27 +53-14) MIAT (7)
[13]
Notes
(a)
M1 Attempt the differentiation of 7sin @ using product rule or sin26 = 2sin@cos@ OR for this mark
1
only allow differentiation of r cos 6, inc use of product rule, chain rule or cos’ 6 = 5(1 + cos 249)
Allow errors in coefficients as long as the form is correct.
M1 Sets their derivative of 7sin @ equal to zero and achieves a quadratic expression in cos @
Al Correct 3 term quadratic in cos @ (any multiple, including a)
ddM1 | Dep on both M marks. Solve their quadratic (usual rules) giving one or two roots
Al
Correct quadratic solved to give @ = z

Page 69 of 123



FP2 2022 06 MS

Notes

Al* Correct r obtained from an intermediate step. Accept as shown in scheme, or

V4 . . . .
r=4a [1 +cos gj = 6a or equivalent in stages. No need to see coordinates together in brackets

(b) Note : first 4 marks of (b) do not require limits.
M1

1 . . .
Use of correct area formula, > may be seen later, inc squaring the bracket to obtain 3

terms - limits need not be shown.

1
M1 Use double angle formula (formula to be of form cos” 8 = iE (COS 20+ 1) ) to obtain an

. . - 1 .
integrable function - limits need not be shown, > from area formula may be missing,

dM1 Attempt the integration cos@ — tksin@ and cos 26 — +msin 26 - limits not needed — dep on 2™
M mark but not the first. Note if only two terms arise from squaring allow for cos 26 — tmsin 260

Al Correct integration — substitution of limits not required (NB Not follow through)

Al 1 . . . .
Include the B and substitute the correct limits in a correct integral. Note may be attempted via

integral from 0 to ? minus integral from 0 to g - but attempts at sector formula for the latter is AO.

M1 Attempt the area of the triangle - accept valid attempt even if not subtracted from area. E.g. attempts
1 .
~04.0Bsin~
2 6

Al Correct final answer in the demanded the form.
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Question
Number Scheme Marks
7(a) —y—v+x@ or dv x_ld—y—x_zy (oe) MIA1
dx dr  dx dx
2 2 2
d);_dv dv+ v — d—‘;:—x_2d—y+x d—);+2x_3y—x_2d—y (oe) dMI1A1
dx dx dx dx dx dx dx dx
dv dv) 6 dv) 6xv
31 2—+x— |——|v+tx— |+—+3xv= x” (oe in reverse) ddM1
dx X dx) x°
2
3xd— 69—6ﬂ—§v+9+3xv =x
de  dx «x X
d2
3—+3v=x * Al*(6)
(b) 347 +3=0s0 A=%i Ml
(v=)A4e™+Be™  or (v=)Ccosx+Dsinx Al
PI Try (v=)kx (+) Bl
d d’
Tk =0
dx dx
3><O+3<kx (+l)):x Ml
1
k=— (/=0
L (1=0)
” 1 1
v=Ae" +Be™ +3x or v= Ccosx+Dsmx+3x Al
y=x| Ae" + Be +§x or y=x Ccosx+Dsmx+§x Blft (6)
[12]
Notes
(@)
dy dv
M1 Attempt to find a relevant first derivative from y =xv e.gto get a or a - product or quotient
rule must be used. Methods via d— would require a chain rule to reach a relevant derivative.
v
Al Correct derivative
2 2
M1 Attempt to differentiate their d_y or ﬂ to obtain an expression for —=- or d—‘; - product rule
dx  dx dx dx
must be used. Depends on the previous M mark
Al d2y dZ

Correct expression for E or —

dx2
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Notes
ddM1 : . dy d’y . _
Depends on both previous M marks. Substitute their a and @ and y = xv in the original
. o . . . . . dv d’v
equation to obtain a differential equation in v and x. Alternatively substitute their a and @ and
V= b4 into equation (II) to obtain a differential equation in y and x
b
Al* Obtain the given equation/original equation with no errors in the working. There must be at least one
step shown between the initial substitution and the result
(b)
M1 Forms correct AE and attempts to solve (accept 3m?* +3 (=0) leading to any value(s)).
Al Correct CF.
B1 Suitable form for PI (ie one that include 4x)
M1 2
Differentiate their PI twice and substitute their derivatives in the equation 3 E‘; +3v=x
Al Obtain the correct result (either form). Must be v =...
Bift Reverse the substitution. Follow through their previous line. Must be y =..
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gﬁiﬁ:rn Scheme Marks
8 (a) (cos6?+isin0)5 = 0850 +isin 56 Bl
=cos’ 6+ 5cos’ (i sin 9) + Mcos3 H(i sin 9)2
2!
S5x4x3 Sx4x3x2 MI
X 44X
+ cos’ 67(isin0)3 +—'cosﬁ(isin 9)4 +(isin 6’)5
=cos’ @+ 5icos’ @sin @ —10cos’ Osin’ 6—10i cos® @sin’ O+ 5cos Osin* H+isin® @ Al
sin 50 = 5cos” @sin & —10cos* Gsin’® & +sin’ 6
2 d
—5(1-sin?6) sin@—10(1—-sin> §)sin® @ +sin’ 6=
(s 0 sin0-10(1 "0 & "
= 5(1—2sin2 6 +sin* 9)sin6’—10(l—sin2 0)5in3 6 +sin’ 6
sin50 =16sin” @ —20sin® &+ 5sin & * Al* (5)
| 1 .
Alternative: Using "z——" 2 —— =2isin50 oe Bl
z z
1 5
Binomial expansion of (z - —j Ml
z
32sin’ @ = 2sin 50 —10sin 30 + 20sin & Al
Uses double angle formulae etc to obtain sin 36 = 3sin @ —4sin’ & and then use it M1
in their expansion
sin 50 =16sin” @—20sin’ @+ 5sin @ * Al*  (5)
. 1 )
(b) Let x =sin@ 16x5—20x3+5x=—§ = sin56=... MI1A1
=0= %sin_1 [i%j =38.306 (Or —2.307,69.692.110.306, 141.693,182.306) dM1
(or in radians —0.0402...0.6685..., 1.216...,1.925...,2.473...)
Two of (awrt) x =sind=-0.963, —0.555, —0.040, 0.620, 0.938 Al
All of (awrt) x =sinf =—0.963, —0.555, —0.040, 0.620, 0.938 Al (5)
z00. ) ) 1, . ) )
(©) I§(481n59—5s1n30—6s1n0)d9: IO“Z(s1n50—531n9)—6s1nt9}d6’ MI
_ ud z
= l —lc0556’+5c0s0)+60050 = —Lcos59+§cos0 ) Al
140 5 o 20 4 0
l —lcoss—ﬂJrSCosz— —l+5j +6cos£—6
4, 5 4 4 5 4
1|1 1
:_[_XT_ﬁuj__4ﬂ}+ll_6 dM1
415 02 02 5 2
W2 36 Al ()
20 5
[14]
Notes
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()
Bl

M1

Al
M1

Al*

(b)

M1
Al
dM1

Al
Al
(©)
M1
Al

dM1
Al

Applies de Moivre correctly. Need not see full statement, but must be correctly applied.
Use binomial theorem to expand (COS 0 +1isin 8)5 May only show imaginary parts - ignore errors in

real parts. Binomial coefficients must be evaluated.

Simplify coefficients to obtain a simplified result with all imaginary terms correct

Equate imaginary parts and obtain an expression for sin 56 in terms of powers of sind No cos €
now

Correct given result obtained from fully correct working with at least one intermediate line wit the
(1- sin’ (9)2 expanded. Must see both sides of answer (may be split across lines). A0 if equating of

imaginary terms is not clearly implied.

Note Answers only with no working score no marks as the “hence” has not been used. But if the first
MI1AT1 gained then dM1 may be implied by a correct answer.

Use substitution x = sin @ and attempts to use the result from (a) to obtain a value for sin 56
Correct value for sin 56

. 1
Proceeds to apply arcsin and divide by 5 to obtain at least one value for 6. Note for sin56 = g the

values you may see are the negatives of the true answers.

FYL: (560 =-11.53...,191.53..., 348.46..., 551.53..., 708.46..., 911.53...) (Or in radians —0.201...
3.3428..., 6.0819..., 9.6260..., 12.365..., 15.909...)

Proceeds to take sin and achieve at least 2 different correct values for x or sin €

For all 5 values of x or sin@ awrt 3 d.p. (allow 0.62 and — 0.04)

Use previous work to change the integrand into a function that can be integrated
Correct result after integrating. Any limits shown can be ignored

Substitute given limits, subtracts and uses exact numerical values for trig functions
Final answer correct (oe provided in the given form)
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Question
Number

Scheme Notes

Marks

1(a)

y=ln(5+3x):>d—y= 3

dx 5+3x

Correct first derivative

B1

dy_ 3 d’y 9 d’y 54

= 2 2 3 3
dx 5+3x dx (5+3x) dx”  (5+3x)
. . . d’y k
M1: Continues the process of differentiating and reaches —- = o€
(5 + 3x)
d’y  —9x-2x3(5+3x)

' (5+3x)

Note this may be achieved via the quotient rule e.g.

A1l: Correct simplified third derivative. Allow e.g. % or 54(5 + 3x)73.
5+43x

MI Al

(€)]

(b)

_1n5 I_E ”__i Iﬂ_ﬁ

2 3
= In(5+3x)~ n5+ox—— X 4
5 252! 125 3!
Attempts all values at x = 0 and applies Maclaurin’s theorem.
Evidence for attempting the values can be taken from at least 2 terms.
The form of the expansion must be correct including the factorials or their values.

Note that this is “Hence” and so do not allow other methods e.g. Formula Book.

MI

ln(5+3x)z1115+§x—%x2 +%x3 +

Correct expansion. The “In(5 + 3x) =" is not required.

Al

2)

(©)

In(5-3x)~ InS— x4
5 50 125
Correct expansion even if obtained “from scratch”
OR for a correct follow through with signs changed on the coefficients of the odd
powers of x only in an expansion of the correct form e.g. a polynomial in ascending

powers of x.

Blft

0]

(d)

(5+3x)

=In(5+3x)—In(5-3x)

1n5+§x—2x2 +— X 4.~ In5—=x—-=x"——x +...
5 50 125

Subtracts their 2 different series to obtain at least 2 non-zero terms in ascending
powers of x.

M1

Correct terms. Allow e.g. O+§x+0x2 +llgx3 +...

Al
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Allow both marks to score in (d) provided the correct series have been obtained in
(b) and (c) by any means.

2

Total 8
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Question
Number

Scheme Notes

Marks

2(a)

1 A B C
= + +
(2n—1)(2n+1)(2n+3) 2n—1 2n+1 2n+3
=>A4=..,B=.,C=..
Correct partial fraction attempt to obtain values for 4, B and C

Ml

1 1 I I I 1
8(2n—1) 4(2n+1) 8(2n+3) * El6n-8 8ni4d l6n+24

1 1 1

8 4 . 8
(2n—1) (2n+1) (2n+3)

Correct partial fractions. (May be seen in (b))

ore.g.

This mark is not for the correct values of 4, B and C, it is for the correct fractions.

Al

2)

(b)

1
— —_ + —
8 (2;”—1 2r+1 2r+3j
R
———+
3 5
Y]
-/~ +
3/5
7k
7
1 27 1
/ 3 _n—-1 2n+l

2 1
+ — +
/zﬁ—l 2n+1 2n+3j

+

Uses the method of differences to find sufficient terms to establish cancelling.
E.g. 3 rows at the start and 2 rows at the end or vice versa
This may be implied if they extract the correct non-cancelling terms.

Ml

1 1 1 1 1 2 1 1 2 1
=—|1-=- + oreg =—l-—+—+ +
8 3 2n+1 2n+3 8 33 2n+l 2n+1 2n+3
Identifies the correct non-cancelling terms. May be unsimplified.

Al

_1{2(2n+1)(2n+3)=3(2n+3)+3(2n+1) )
8 3(2n+1)(2n+3) o
Attempts to combine terms into one fraction. There must have been at least one

constant term and at least 2 different algebraic terms with at least 3 terms in the
numerator when combining the fractions.

dM1
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n(n+2)

“3(2n+1)(2n+3)

Cao

Al

Q)]

Total 6
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Question
Number Scheme Notes Marks
3(a) L dy
XX =+xy=2y" =—
dx XY =2y Y B
d 1 dz . _y
2 - Correct differentiation Bl
dx z-dx
B x_2 dz x_ 2 Substitutes into the given differential M1
2de 2z 2 equation
Achieves the printed answer with no
& z_ 2, errors. Allow this to be written down AL
dx x X2 following a correct substitution i.e.
with no intermediate step.
Q)
(a) _ _ dy : -
Way 2 y=—>=>zy=1=>y—+ za =0 Correct differentiation B1
Yoo dz . 2 Substitutes into the given differential M1
z & z 7 equation
Achieves the printed answer with no
& z_ 2, errors. Allow this to be written down Al*
dr x x’ following a correct substitution i.e.
with no intermediate step.
(@) —32‘13%‘—Ld—y C diff iati B1
Way 3 y i ) dx y2 & orrect differentiation
s d_y s __ 2 Substitutes into differential equation M1
ydx xp  x (ID)
Obtains differential equation (I) with
dy no errors. Allow this to be written
2 7 — 2 *
o dx txy=2y down following a correct substitution Al
1.e. with no intermediate step.
®) I — i
[=e’s =e™ == Correct integrating factor of — B1
X X
2 For Iz=-— 2Idx Condone the “dx”
o[ or Iz = = . Condone the M
X X .
missing.
1
Z< —+c Correct equation including constant Al
X X
1
z=—+cx Correct equation in the required form | Al
X
0)
(© 1 1 tox—=_2_— 1 13c=>c=—] Reverses th'e' substitution agd uses the M1
y X given conditions to find their constant
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Correct equation for y in terms of x.
Allow any correct equivalents e.g.
1 1
y x_l —x > y 1
——X
X

Al

2

Total 9
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Question
Number

Scheme Notes

Marks

4(a)

dzy

Y d’y =2 & 1 Correct expression for w

=y —x=
x 2 T e Tae

B1

d); 2y d); 2(dyj
dx dx dx

3
M1: Applies the product rule to obtain % Ay jxy cor =X =4 B(d—yj

where ... is non-zero
Al: Correct expression. Apply isw if necessary.

MI Al

d); 2yd)2/ 2(dyj:>di/ 2yd)3/ 2dyd)2/ 4dyd)2/
dx dx dx dx dx dx dx dx dx
d'y dy dvd’y
=2 +6—

o T T

4

. d
Correct expression for a{ or correct values for 4 and B.

Al

Note:

d’y
Ife.g. o

=2y % is obtained, allow recovery in (a) so BOM1A1A1 is possible.

Q)

(b)

(), =L (), =2("), =3 ("), =14(y"), =64

Attempts the values up to at least the 3rd derivative using x =—land y =1
Condone slips provided the intention is clear. May be implied by their values.

MI

2 3 4
3(xt1)’ 14(x+l) 64(x+l)
2 3! 4!
Correct application of the Taylor series in powers of (x + 1)
If the expansion is just written down with no formula quoted then it must be correct
for their values. E.g. y = -1 + ... with no evidence y = f (—1) was meant scores M0

(y=)1+2(x+1)+

MI1

3 1 2 3 4
(x+1) +7U+U +ax+0 .
3 3
Correct simplified expansion. The “y =" is not required.

(y=)1+2(x+1)+

Al

(©)]

Total 7
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Question 5

General Guidance

B1: This mark is for sight of —8 seen as part of their working. It may be seen as e.g. embedded in an
inequality, as part of their solution if they consider for example x > —8, x < -8 or —8 is seen in a
sketch etc.

Do not allow for just e.g. x + 8 > 0,
M1: Any valid attempt to find at least one critical value other than x = -8 (see below).
Condone use of e.g. “=", “>”, “<” etc as part of their working.

Note these usually come in pairs as 3, —? or 3,—-13

MT1: A valid attempt to find all critical values.
Condone use of e.g. “=", “>”, “<” etc as part of their working.
Al: Any 2 critical values other than x = —8. May be seen embedded in an inequality or on a sketch.
Al: 2 correct regions
Al: All correct with no extra regions
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Question
Number Scheme Notes Marks
S (x=)-8 This cv stated or used Bl
For cv’s 3, —% OR Forcv’s 3, —13
Examples: Examples:
x —9=(x+8)(6—2x):>x=... X —9:—(x+8)(6—2x):>x:...
or or
(x2 —9)(x+8) :(x+8)2 (6—2x):> xX=.. —(x2 —9)(x+8) :(x+8)2 (6—2x):>x:...
or or Mi
x* -9 x* -9
—(6—2x)=0:x=...> —(6—2x)=0:x:...>
(x+8) —(x+8)
NB leads to 3x”> +10x—57 =0 NB leads to x* +10x—39=0
For cv’s 3, —? AND Forcv’s 3, -13
Examples: Examples:
x —9=(x+8)(6—2x):>x=... X —9:—(x+8)(6—2x):>x=...
or or
()c2 —9)(x+8) :(x+8)2 (6-2x)=x=.. —(x2 —9)(x+8) =(x+8)2 (6-2x)=x=...
or or MI
x> -9 x* -9
—(6—2x):0:>x:...> —(6—2x)=0:x:...>
(x+8) —(x+8)
NB leads to 3x* +10x—57=0 NB leads to x> +10x-39=0
19 For any two of these cv’s. May be seen
Any two of: x=-13,——, 3 embedded in their inequalities. Depends | Al
3 on at least one previous M mark.
—-13<x<-38, —8<x<—%, x>3
Al: Any 2 of these inequalities.
19 . ..
Note that —13 < x < 3 x #—8 would count as 2 correct inequalities. Al Al
1 . ..
Also condone —13 <x < —?9, x >3 as 2 correct inequalities.
Depends on at least one previous M mark.
Al: All correct and no other regions. Depends on all previous marks.
Allow equivalent notation for the inequalities e.g. for —13 < x < -8 allow
x>—13and x<-8, x>-13, x<-8, —8>x>-13,(-13,-8), {x:x>-13Nx< -8}
Butnot x>-13 or x<—8
Note that —13<x < —%, x #-8, x>3 is fully correct.
(6)
Total 6

Page 83 of 123




FP2 2023 01 MS

Note that it is possible to find all the c¢v’s by squaring both sides of the equation:

(x=)-8 This cv stated or used Bl
(x*-9)
=03 =x(6-2x)" = x* ~18x* +81=(36—24x+4x" ) (x* +16x +64)
x+8
. X 5 MIMI1
=3x" +40x" —74x" -960x+2223=0=>x=...
M2 Requires a complete attempt to square both sides, multiply up to obtain a quartic
equation and an attempt to solve to find at least 1 critical value other than x = —8
19 For any two of these cv’s. May be seen
Any two of: x=-13, ——, 3 embedded in their inequalities. Depends | Al
3 on both previous M marks.
—-13<x<-38, —8<x<—%, x>3
Al: Any 2 of these inequalities.
19 . .
Note that —13<x < 3 x #—8 would count as 2 correct inequalities. AL Al

Also condone —13<x< —?, x >3 as 2 correct inequalities.

Depends on at least one previous M mark.
Al: All correct and no other regions. Depends on all previous marks.

Allow equivalent notation for the inequalities e.g. for —13 < x < -8 allow
x>-13and x<-8, x>-13, x <=8, —8>x>—13,(—13,—8), {x:x>—13mx<—8}

Butnot x>—-13 or x <—8§

Note that —13<x < —%, x #-8, x>3 is fully correct.
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Question
Number

Scheme

Notes

Marks

6(a)

Im

A straight line anywhere that is not
vertical or horizontal which does not
pass through the origin. It may be
solid or dotted. Clear “V” shapes score
MO.

Ml

Re

A straight line in the correct position.
Must have a positive gradient and lie
in quadrants 1, 3 and 4. Ignore any
intercepts correct or incorrect. If there
are other lines that are clearly
“construction” lines e.g. a line from 2i
to 3 they can be ignored. The line may
be solid or dotted. However, if there
are clearly several lines then score AO0.

Al

2

Part (b)

The approaches below are the ones that have been seen most often.
Apply the mark scheme to the overall method the candidate has chosen.

There may be several attempts:

e If none are crossed out, mark all attempts and score the best single complete attempt

e Ifsome attempts are crossed out, mark the uncrossed out work

e If everything is crossed out, mark all the work and score the best single complete attempt

Note that the question does not specify the variables the candidates should work in so they may use:
eg.z=x+iyand w=u+ivor w=x+iyand z =u +iv or any other letters so please check the work

carefully.

Note that the M marks are all dependent on each other.
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(b) Attempts to make z the subject.
Way 1 w=—2 -=>z= ZWI‘ Must obtain the form —22" -, a,b,c | M1
z=21 w—1 bw+ci
real and non-zero.
2(u+1iv)i 2(x+1iy)i
22
u+iv—i xX+iy—i
2(u+iv)i u—(v—l)i alent
z= X or equivalen
ur(v=1)i u—(v=1)i M1
Introduces w=u+ivor e.g. w=x+1y and attempts to multiply numerator and
denominator by the complex conjugate of the denominator. The above statement
would be sufficient e.g. no expansion is needed for this mark.

-2 2u” +2v(v—-1). ) 2x2+2y(y-1).
z=— u R ( 2)1ore.g.z=2 al T+ y(y2)1
u +(v—1) u +(v—1) X +(y—l) X +(y—1)
or

—2uv+2u(v—1)+(2u2+2v(v—1))i —2xy+2x(y—1)+(2x2+2y(y—1))i Al
z = 5 2 OI' C.g. z= B 5

u +(v—1) X +(y—1)

Correct expression for z in terms of their variables with real and imaginary parts
identified. May be embedded as above or stated explicitly.

) 3 3 3 5
z=2ll=|z-3|=>y-1=—| x—— =—x——, 6x—4y=5
||||y2(2j[y24 yJ

2u’ +2v(v—1) 3 —2u 3

=~ =7 2 (1 2

u®+(v—-1) 2\u’+(v-1)" 2

Attempts the Cartesian equation of the locus of z and substitutes for x and y or
equivalent using their variables to obtain an equation in « and v (or their variables).
Condone slips with the locus of z but must be a linear equation in any form but with
a non-zero constant term. ddM1
or
= 2u” +2v(v-1 = 2u” +2v(v-1

|z—2i|=|z—3|:>| w A v _ )i i | s UG i )i s

‘u2+(v—l) u2+(v—1) ‘u2+(v—l) u2+(v—1)

2 2 2 2
—2u 2u’ +2v(v—l) —2u 2u’ +2v(v—1)
= >+ > 2—2:—2 2—3 H
u2+(v—1) u +(v—l) u +(v—1) u +(v—1)
Substitutes their z into the locus of z and applies Pythagoras correctly to obtain an
equation in # and v (or their variables). Note that here, further progress is unlikely.
12 1 4
1307 4137 +12u—18v+5 =0 1> 417 41215, 0 _ 4
13 13 13 13
6 9V 4
= | u-+ B +|v— E = E
. L ) ) dddM1
Attempts to complete the square on their equation in # and v where u~ and v~ have
the same coefficient.
a 2 ﬂ 2
Award fore.g. u* +v +au+fv+..= (u +5] +(v+5] o=
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Attempts using the form u” +v* +2gu+2 fv+c¢ =0 send to review.
w2 i |- Correct equation in the required form | Al
TR NE orrect equation in the required form
Total 8
(b) Attempts to make z the subject.
Way2 w=—2 -=>z= 2W1_ Must obtain the form —2"! -, a,b,c | M1
z-21 w—1 bw+ci
real and non-zero.
. 2wi .| | 2wi
|z-2i|=|z-3| = |——-2i|=|—-3
w—i w—1i
12wi—2wi—2| [2wi—3w+3i| dM1
: . = .
R w—i |

Introduces z in terms of w into the given locus and attempts to combine terms

=2 | [2wi=3wH3i| ,
w—i|_ o |:>| 2|—|2w1 3w+31| Al
Correct equation with fractions removed
[2(u+iv)i=3(u+iv)+3i|=2= (Bu+2v) +(3v-2u-3)" =4 P

Introduces e.g. w = u + iv and applies Pythagoras correctly

1307 41307 + 120 — 18v+9 =4 = 1”492 + 2y -0, I -4
137 13 13 13

6Y 9y 4
=>lu+—\ +|v——| =—
13 13) 13

Attempts to complete the square on their equation in u and v where #? and v* have | dddM 1
the same coefficient.

2 2
Award for e.g. u2+v2+au+ﬁv+...=(u+%j +(V+§j +o=

Attempts using the form u” +v* +2gu+2 fv+c =0 send to review.

6 9. 2
‘w — (— I + e 1]‘ = ﬁ Correct equation in the required form | Al

Total 8
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(b)
Way 3

Attempts to make z the subject.
W= 1z =z = ZWI. Must obtain the form am -, a,b,c | Ml
z=21 w—1 bw+ci
real and non-zero.
. 2wt | | 2wl
|z-2i|=|z-3| = |——-2i|=|—-3
w—i w—i
|2wi—2wi-2| |2wi—-3w+3i| dMl1
: . = .
R w—i |
Introduces z and attempts to combine terms
2 |_[2uio3w 3 o i 3w 3
w—1| w—1 | Al
Correct equation with fractions removed
w(2i=3)+3i| =|(2i=3)  wr = || =[2i = 3w+ 2] =2
2i-3 ddM1
Attempts to isolate w and rationalise denominator of other term
J13 w—(—%+%ij =2=|w— —%+%ij :%
3 dddM1A1

M1: Completes the process by dividing by their |2i—3|

Al: Correct equation in the required form

(6
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Question
Number

Scheme Notes

Marks

7(a)

Condone use of e.g. C + 1S for cosx +isin x if the intention is clear.

(cos5x =)Re(cosx +isin x)5 =cos’ x + (;jcos3 x(isin x)2 + (jjcos x(isin x)4

Identifies the correct terms of the binomial expansion of (cosx +isinx)’

They may expand (cosx +isin x)5 completely but there must be an attempt to extract

the real terms which must have the correct binomial coefficients combined with the
correct powers of sin x and cos x. Condone use of a different variable e.g. 6.

Ml

(cos 5x E)cos5 x—10cos’® xsin® x + 5cos xsin® x

Correct simplified expression. Condone use of a different variable e.g. 6.

Al

= cosx(cos4 x —10cos® xsin? x + 5sin* x)
. 2 . . .
= cosx((l —sin? x) —10(1 —sin? x)sm2 X+ 5sin? x)

Applies cos” x =1-sin” x to obtain an expression in terms of sin x inside the bracket.
Condone use of a different variable e.g. 6.

M1

\ ) Correct expression. Must be in terms
= COSX(16SIH x—12sin" x + 1) of x now. The “cos5x =" is not
required.

Al

“)

(b)

Allow use of a different variable in (b) e.g. x for all marks.

cos560 =sin2@sin @ —cos @
= (:0549(16sin4 0 —12sin’ 0+1) =2sin”* @cos @ —cos @

= cos¢9(16sin4 0 —14sin’ 0+2) =0

Uses the result from part (a) with sin 26 = 2sin @ cos 8 and collects terms

Ml

16sin* @—14sin’@+2=0

TEA17

—=sin’f= —=sinf=...

Solves for sin* @ by any method including calculator and takes square root to obtain at
least one value forsin@. Depends on the first mark. May be implied by their values of

717

sind or . NB T ! =0.69519..., 0.17980...

dM1

7+J17

16

sinf =

7+:17
16

=0=..

NB =0.833783..., 0.424035...

A full method to reach at least one value for 6. Depends on the previous mark.
May be implied by their values of 8

ddM1

(6=)0.986, 0.438 Correct values and no others in range.
Allow awrt these values.

Al

Q)]

Total 8
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Note that it is possible to do 7(b) by changing to cos 0 e.g.

cost9(16sin4 6 —12sin’ 0+1) = cos@(16(1 —cos’ 0)2 —12(1 —cos’ 9) +1)

cos@(16(1 —cos’ 49)2 —12(1 —cos’ 6’)+ 1) =2sin’ @cosd —cos b

16cos*@—18cos’ @ +4=0

9+17 9+17
16 16
(0=)0.986, 0.438

cos’ 0 = = cosf =

This is acceptable as they used part (a) and can be scored as:
M1: Uses part (a) with sin® @=1-cos’ @ and sin26 =2sinfcosé and collects terms.

dM1: Solves for cos’ @ by any method including calculator and takes square root to obtain at least one
value forcos@ . Depends on the first mark. May be implied by their values of cosé or 6.
NB 9iZT?

=0.82019..., 0.30480...

dM1: A full method to reach at least one value for 6.
Depends on the previous mark. May be implied by their values of 6

+
NB «’9_1\6/ﬁ =0.905645..., 0.552092...

Al: (6=)0.986, 0.438
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Question
Number Scheme Notes Marks
8(a) y=rsin@=(1-sin®)sin@ =sin@—sin’ @ | Differentiates (1—sin)sin 6 to
:d—yzcosé?—zsiné?cosé’ achl‘eve +cos@ =+ ksinfcosbor M1
o equivalent. Use of y =rcosé or
ore.g. x =rcos @ scores MO
dy : o
= a0 cos 6 —sin 26 Correct derivative in any form. Al
. . . 1
cos@—2sinfcosd=0= cos@(l—2sm0) =0 =sinf =3 =0=.. dM1
Solves to find a value for . Depends on the first M.
=)
276
Correct coordinates and no others. Isw if necessary e.g. if written as ( % %j after Al
correct values seen or implied award Al. Allow e.g. @ —% r= 1
The value of r must be seen in (a) — i.e. do not allow recovery in (b).
| (4)
(b) Note that the - in L r* d@is not required for the first 4 marks
Way 1 2 2
J.(l —sin 9)2 do= j(l —2sin @ +sin’ 6?) d@ | Attempts (%) J-rz d@ and applies
1 1 1,1 Ml
=||1-2sinf+———cos26 |dO sin® @ =+ —+—cos 26
2 2 2 2
(1-sin@)’ d6 = %H+2cos¢9—%sin29(+c)
Correct integration. Condone mixed variables e.g. Al
(1—sin 0)2 do= %x+ 2cos9—%sin29(+c)
1) 3 1. 6
—J Z0+2cosf——sin20| =|— \/_ f -(2) _Z i—1
2)12 4 0 2 8 16
. o . . . I . . M1
Applies the limits of 0 and their gto their integration. The 5 1s not required.
For the integration look for at least ij sinfdé@ — £cosl
Triangle: l><lsinz><lcosz = ﬁ
R R WY M1
Uses a correct strategy for the area of the triangle
Fully correct method for the required
Areaof R= "+ i —1+ f area. Depends on all previous dM1
8 32 method marks.
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3%(4;”15\6—32) Cao

Al

()

Total 10

Note that the %in %jrz d@is not required for the first 3 marks

(b)
Way 2

j(l—sin@)zdﬁz j (1-2sin6+sin*0)d0 | Attempts Gj I r*d6 and applies

= 1—2sin9+l—100526 do sinzﬁzililcos%ﬁ
2 2 2 2

Ml

(1—sin9)2d9=%9+2cose—%sin20(+0)

Correct integration. Condone mixed variables e.g.

(1—sin0)2dH=§x+2cosﬁ—%sin29(+c)

Al

(2oraemo-Lsna] <[ Hf[Ew0-0)-)] -2

Evidence of use of both limits 0 and % to their integration. The % is not required.

For the integration look for at least ij sinfdé@ — £cosl

MI

Triangle — “Segment”:
l><lsin£><lcosz—lj?(l—siné’)zd0
22 6 2 6 2%

ﬁ—l §9+20056’—lsin29 ’ :ﬂ_f
32 2(2 4 L4 32 4

Uses a fully correct strategy for the area above the curve between O and P.
Requires a correct method for the triangle as in Way 1 and a correct method for the

. . T
“segment” using both their 5 and %

MI

Fully correct method for the required
Area of R = 37 _ 1+ % _z area. Depends on all previous
8 32 4 method marks.

dM1

3%(4;”15\6—32) cao

Al

(6)
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Question
Number Scheme Notes Marks
9(a)(i) 1 1
x=t? :%:lt zﬂzd_y:m or t=x’ :g:2x:>d—y:d—yg:
d 2 dy dx dx dx drf dx M1
Applies the chain rule and proceeds to an expression for %
d 1d Any correct expression for & n
4 =212 4 y p dx Al
dx d terms of y and ¢
a)(ii 142
(a)(ii) dy_ztzdy:d);_dy_,g 2t2d—);£
dx dr dx* dr dx de” dx
1
dM1: Uses the product rule to differentiate an equation of the form % = kt? (cil_y or
t
dy_ dy
1
equivalent e.g. © =kx— i to obtain dMIAL
2 2 1 12
d)zz_ tzdydt+...ord);—. ﬂzdydt
dx dr dx dx dr? dx
or equivalent expressions where ... is non-zero
2
Al: Any correct expression for ic—);
142 1 12
Y d Hpdyd b m2+2ﬂ(1ydt
dr dx de” dx dt dr? dx
2 2 Al
4y L, 44y
dx dr dr?
Correct expression in terms of y and ¢
| (5)
(b) 2 2 1 3 5
xd—J;—(6x2 +1)dy +9x’y =x° P 43| (6r41)202 Y vorry =2
dx dx dt dr dr M1
1
Substitutes their expressions from part (a) and replaces x with #2
- dy > d’y 2 dy ~dy 2 2
22 = 4412 = — =122 =2 = +9t?y =¢?
dt dt dt dt
d’ d
:>4d{ 12dy+9y=t* Al
Obtains the given answer with no errors and sufficient working shown — at least one
intermediate line after substitution but check working.
Must follow full marks in (a) apart from SC below.
| )
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Special case in (a) and (b) for those who do not have (a) in terms of y and 7 only:

dy dy dt _
de drdx
Y0¥y ¥, dyd

t=x"= % =2x=> = . Scores M1. ...= in—y scores A0 in (a)(i)
t

2
- L —df Scores dAM1A1AO in (a)(ii)
v At A At dedx de dt
? 30
xd); (6x° +1)dy+9xy o2 gedy —(6t+1)2x Y oy
dx dx dt dr? dt

1 2 1 3 2
=12 2dy+4td—2 (6t+1)2t2d—y 1912y = 4d——12dy+9y:t* Scores M1A1 in (b)
dr dt dt 2Tt

Mark (c) and (d) together

(©) Attempts to solve 4m° —12m+9=0

3
4m* —12m+9=0=>m= 5 Apply general guidance for solvinga | Ml
3TQ if necessary.
Correct CF. No need for “y =
3
5, Condone (y =)e2x (Ax+ B) here but
(y=)e? (Ar+B) must be in terms of 7 in the GS. Allow | A1
equivalents for the % :
(y=)at+b:>dy_a:>d )
dt dr?
= —12a +9(at+b) =t
4 & M1
Starts with the correct PI form and differentiates to obtain d_y =a and d—f =0and
t t

substitutes. NB starting with a PI of y =at is M0

Complete method to find @ and b by
comparing coefficients. Depends on dM1
the previous method mark.

da=1=a=...
9bh—-12a=0=b~=...

. Correct GS including “y =...” and
o 1.4 must be in terms of ¢ (no x’s). Allow
y=e? (dt+B)+ 9 t+ 27 equivalent exact fractions for the
constants.

Al

3)

(@ e 1, 4
y=e (Ax +B)+9x +27

Correct equation including “y =...” (follow through their answer to (¢)).
Allow equivalent exact fractions for the constants. For the ft, the answer to (¢) must Blft
be in terms of 7 and the answer to (d) should be the same as (c) with ¢ replaced with
x°. If there is no final answer to (c) you can award B1ft if the equation is correct in

terms of x if it follows the previous work.

0]

Total 13
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q
%ﬁ;ﬁg? Scheme Marks
@ 2 x\/__ r-2 M1
Jrar=2 Jr=Jr-2
2(r —r-2
( g )::J;_Wﬁif‘* Al*
r—(r—2)
(2)
(b) r=2: 222 (=2-0) wr=n-2:n-2-n-4
r=3: 3-\3-2 (=\3-1) r=n-1: Jn—1-n-3 Ml
r=4: J4-J4-2 (=2—J§) r=n: Jn—ln-2
: 2
_ \n+dn—1-1 Al Al
;\/;+\/r—2
3
) 50 5
= f(50)—f(3)=~/50 + /49 —1— (3 +~/2 -1 M1
Z NS e UCURIC) ( )
(=5V2+7-1-3-2+1)=7+4/2-\3 Al
2)
Total 7
Notes
(a)
M1: Indicates intention to multiply either side by a correct fraction, may use ro2- \/; . The “2” may be

Jr=2-r
missing. May work in reverse from right hand side to left, and this is fine.

Alternatively, may multiply the initial expression through by /7 ++/F —2 and use a sequence of equivalences
(though accept with = or nothing between lines).

Al: Fully correct proof. A result from rationalisation that is not the given answer must be seen. If using a
sequences of equivalences there must be a minimal conclusion.

(b)

M1: Correct process of differences evidenced in their work, e.g. attempts any three of the 6 expression shown.
There should be enough evidence of at least one pair of cancelling terms. Ignore any attempts at any of » =0
or 1 if they start earlier than » = 2.

Al: Correct algebraic terms or correct constant term(s) extracted. Accept unsimplified expressions such as

n_\/i_\/ﬁn

Al: Fully correct simplified expression. Must have simplified the /1 to 1

()

M1: Attempts f(50) — f(3) using their answer to (b). Must be indication of subtraction. The '—1's may be
omitted, and allow if a slip is made. They may subtract the sum of their results from » =2 and » =3 from
(b) or by using (a) again to obtain f(3) but their answer to (b) must be used for f(50). Allow from attempts
starting at » = 1 in their summations. f(50) —f(4) is MO.

Al: Correct expression or 4 =7, B =4, C =—1 following a correct answer to (b).

The decimal answer 10.92480344... without evidence of the M mark is 0/2
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Question
Number Scheme Marks
2(a) sn .. snY 20 . . 20m
cos—+isin— | =cos——+isin——  or/and
12 12 12 12
; M1/ Al
T .. W .
(cosg —isin Ej =cos(—m)+i sin(—)
Sn . . 5m
cos——+1isin— S S
(z,=) 3 3 =cm(—~{—nﬂ+iﬁn(—"%%ﬂﬂ
cos(—m)+i sin(-m) 3 3
Ml
Sm . . 5m
COS — +1 sin— S S
Alt: (Zl :) 3 3 - cosZisinZ
-1 3 3
8n . . 8= 2n . . 2w,
=cos—+1sin— =cos—+1sin—
3 3
Al*
: : . Sw .. Sm
Alt: if denominator —1 used via e.g. cos 3 7T |+181n -3
“
(b) |Z—Zl| <1 0 <arg(z—z1) < 3_”
4
A circle in any position
. . Ml
(may just see the minor arc)
A pair of half-lines in correct
directions from their centre, one with
negative gradient and one parallel to M1
(but not) the x—axis.
If full lines are used the M marks can
be implied by their shading
Area shaded inside their circle between
the two half lines from from the M1
parallel one anticlockwise to the
negative gradient line.
Fully correct shaded sector. See notes. Al
“
C 143
© arctan(Lj =. = (or 60°) M1 Al
l%l 3
2)
Total 10
Notes
@ |
M1: One correct use of de Moivre in polar (or exponential) form. Allow use of ¢’ for cos@+isin @
throughout until the final A.
Al: Both correct (unsimplified) in polar form. Accept for both marks use of
3
(cos% —1isin %) — cos 7 —isin 7z but denominator directly to cos 7 +1sin 7 with no evidence of
dealing with the negative between terms is A0.
M1: A correct method shown for the division of the two complex numbers. No need to simplify for this mark, a
kY4
difference of argument in the trig terms is fine. Look for the subtraction of the arguments. Sight of the 3
can imply the mark if no incorrect work is seen. Note it is MO if the arguments are added (so
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Sm .. [ 57 . . . ..
cos (T —7 |+18In 3 7 | is MO unless the denominator has clearly been written as cos 7 +1sin 7

first.)
S

. ) L. St .
May write the denominator as —1 first, which is correct, score for —c0S ———181n ——.

3 3
Accept methods that convert both numbers into exact Cartesian form, apply a correct process to realise the
denominator and convert back to polar form.

. : 2n . . 2m; . . . o e .
Do not allow going straight to cos— +1 sin 3 for this mark as it is a given answer. Justification is required

and an incorrect method is MO.

. 2 . . 2w . . . . .
Alcso: Obtains cos 3 +1 sin 3 with suitable intermediate step shown and no errors in the work. Must have

scored the preceding 3 marks. This will usually be via cos 8?71 +1 sin S?R unless equivalent suitable

working has been shown to justify the correct modulus (e.g. proceeding via —1 in the denominator).

(b)

Do not be concerned about lines being dashed or dotted in this part. Accept either.

M1: A circle in any position. You may see just the minor arc of a circle, which is acceptable as long as
it is clearly an arc of a circle (e.g. implied by their shading) and not just a angle demarcation.

M1: Draws or indicates a pair of half—lines from their centre (which need not be in quadrant 2) with
one with negative gradient proceeding up and left and one parallel to the x—axis proceeding right
but not the x-axis itself. If full lines are used this can be implied by the shading of the correct
region between lines.

M1: Shades the area between their pair of rays (the second ray may have positive gradient for this
mark) and inside their circle, anticlockwise from the horizontal line. The half line need not stem
from the centre of the circle for this mark, and accept the x-axis as the horizontal line for this mark.

Al: Fully correct shaded sector. Must
® Dbe in quadrants 1 and 2
® have approximately correct gradients for the half-lines (—1 and 0)
® have circle with centre in quadrant 2 and (if whole circle shown) passing roughly through the origin. If

only an arc is shown apply bod as long as the position is reasonable.
Ignore any centre coordinates and axes intersections of any major sector. If extra regions are shaded they
must make clear which their region R is in order to access the mark.

()

M1: Identifies the correct point for their sector, which must be from a circle with centre in quadrant 1 or 2
(above the real axis) and ray parallel to the real axis, and attempts the relevant angle. Look for selecting the
point (¢, d) at the “3 o’clock” position having identified a suitable sector and proceeding to find a relevant

c d
positive angle (e.g., allow if w—8@ is found) (accept arctant— or arctant— as an attempt at the angle).
c

Their point must be in quadrants 1 or 2. If no shading was shown in (b) allow for attempts at the relevant
point of horizontal ray and circle intersection. Could use other trig.
Al : Either correct value. Mark final answer.
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%‘;eni%z? Scheme Marks
3 x+2 < X
x+4  k(x-1)
@) [x k(x+4) (x—1)° :} Je(x+4)(x—1D)*(x +2) < x(x+4) (x—1)
= k(x+4)(x-1)>(x+2) —x(x+4)*(x=1) {< 0}
OR Ml
x+2 X < O}:>k(x+2)(x—1)—x(x+4) <0
x+4  k(x-1) k(x+4)(x-1)
(x+4)(x=1)[ ® + ke =2k - x* = 4x | {< 03 dM1
(x +4)(x—1)[(k —l)x2 + (k —4)x— 2k:| < 0 (oe in corerct form) Alcso
3)
(b) k=3 = 2x*-x-6=0
[(Rx+3)(x-2)=0] =x=-3,2 Ml
4<xg -3 1<x<?2 i?lAl
“
Total 7
Notes
(a)

M1: Attempts to multiply both sides by e.g. k (x + 4)2 (x=1)’or K’ (x + 4)2 (x—1)*and bring terms together

OR bring terms together and attempt a common denominator. There may be slips but the intention must be
clear - allow if e.g. one term is missing.

dM1: Factorises out (x + 4) (x - 1) and/or multiplies by (x + 4)2 (x —1)* (which could be implied) and expands

remaining terms to get unsimplified 3 term quadratic (terms need not be collected but it must be equivalent
to px* + gx + r where at least one of p, g and r is a function of k and none are zero). Dependent on previous
M mark.

Alcso: Correct statement or p = k— 1, g = k— 4, r =2k with no algebraic errors (but condone e.g. recovery of
missing brackets if work is clear). It is A0 if any incorrect statement is seen e.g., use of an incorrect
inequality sign. Accept with any positive multiples of the coefficients (including k or 1/k etc).

(b)

M1: Uses k = 3 in their quadratic from (a) (implied by 2 out of three terms correct) and solves to obtain a
value. Apply usual rules (may be by calculator - may need to check). If no working, obtains one consistent

solution which must be real. Alternatively restarts from x_+2 < al

x+4  3(x-1)
obtain and solve a quadratic (see above). Marks for (a) cannot be scored in (b).

dM1: With critical values —4, 1 and two different real solutions from their quadratic (# —4 or 1), chooses the
region between the two smaller values and the region between the two larger values and no other region.
Could be non-strict inequalities. Dependent on previous M mark.

Al: Both regions correct but condone e.g incorrect strict non-strict inequalities.

Al: Both completely correct regions. Allow equivalent notations. Ignore any word between the regions but
withhold this last mark if N used with set notation.

and uses a valid method to
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Question
Number Scheme Marks
4 d’y d
S8 116y =48y —34
dx dx
(a) (AE:) m’>—-8m+16=0
(= (m-4)" =0] Ml
=>m=4
(CF: y=) (A4+Bx)e™ Al
(PL: y=) AxX’+pux+v Bl
y'=2Ax+u y"=24
2/1—8(2/1x+,u)+16(/1x2 +UX+V) =48x" -34 M1
16x" =48x" (<164 +16)x=0 21-8u+16v=-34
A=3 u=3 v=-1
y="(A+Bx)e4x "+3x% +3x—1 Alft
3
(b) (0,4):>4=A—1 (4=5) Ml
dy _ 4x 4x
a-4(A+Bx)e +Be™ +6x+3 Ml
21=44A+B+3=>B=-2 A=5
MI1Al
[y] = (5—2x)e4x +3x7 +3x—1
“
(©) (x==2=y=)9%"+5 M1 Al
2)
Total 11

Notes

(a)

M1: Forms the auxiliary equation (condone one slip/copying error) and solves 3TQ. Usual rules. One consistent
solution if no working (could be complex). Implied by a correct CF if no incorrect working shown.

Al: Correct complementary function y = ... not required. May only be seen in final answer.

B1: Correct form for particular integral y = ... not required.

M1: Correct method to obtain value for constants (or constant - but PI must be a quadratic - but could have 1 or
2 terms) - so differentiates twice (powers reduced) and substitutes, equates terms and solves equations.
Allow if there are minor slips in the process if the holistic approach is correct.

Alft: A correct general solution following through on their CF only - the PI must be correct. Must have “y ="

e.g.,not“GS="

(b)

M1: Uses (0, 4) in their answer to (a) and forms an equation in one or both of their constants.

o

MI1: Differentiates their GS, which must contain a term " Bxe ", to obtain an expression of the correct form for
their GS - product rule must be used, powers reduced, but may have errors in coefficients.

M1: Substitutes x =0, % = 21into their equation where their derivative is a changed function and finds values
for their B (and their 4 if not found already).

Al: Any correct equation Condone e.g., “PS=...”

(c)

M1: Substitutes x = —2 into their particular solution and obtains an expression of the right form or non-zero
values for p, g and r, which need not be integers for the M but should be gathered terms. Implied by a
correct answer as long as it fits their answer to (b) if no method shown.

Al: Correct expression or values
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Question
Number Scheme Marks
5(a)
w= 2+l :>wz—3w=z+1:>wz—z=3w+1:>z=3W+1 Ml Al
z—3 w—1
3u+1)+31 —D—i
(Z:)(u ) 'Vx(u D %v=... dM1
u-D+1v  (u-1)-1v
3u? —2u+3v -1 —4v
= X= PR y="———"—"="7
(u—l) +v (u—l) +v ddM1
(y=4x=) —4v=12u" -8u+12v* -4
=3 43V —2utv—1=0% Alcso*
Q)
(b) > >
u2—2u+v2+lv—l:0:>(u—lj —l+(v+lj —i—lzo
3 3 3 3 9 6 36 3
1Y’ 1}2 17
=lu——| +|v+—| =—
3 6 36
’17 17
—> centre: (l,—lj allowx:l’y:_l radius: . |— or £ B1 B1
376 3 6 36 6
()
Total 7
Notes
(@)

M1: Completes an attempt to make z the subject.
Al: Correct expression.
dM1: Dependent on previous M mark. Replaces w with « + iv and indicates an appropriate attempt to rationalise
the denominator. Accept if x + iy is used instead for this mark.
ddM1: Dependent on both previous M marks. Equates real and imaginary parts to obtain expressions for x and y
in «# and/or v only and uses y = 4x to form an equation in # and v only. Condone intermediate incorrect
statements that are recovered for this mark, e.g. condone, missing or incorrect (real) denominator or slips with
initial inclusion of i in the y if recovered. E.g. any of
2 2 .
x=3u"-2u+3’ -1, x= 3w —2u -2’_ v 1 , V= _4;}1 or similar may be recovered for the M’s
(u—l) -V (u—l) +v°
Alcso*:obtains the equation (must be equal to 0) or states £ = —1 following correct work. Do not allow recovery
from incorrect statements as shown above for the final mark - all may lead to the correct answer but are AQ.
But if there are no incorrect statements e.g. cancelling of denominators may be implied for the A. Watch out

) w+l )
for an incorrect z = —— which also leads to a correct expression but loses both A marks.
-w
Note: Alternatively methods are possible. Two are shown on the next page, but are not exhaustive.
(b)
Allow both marks from cases where k£ =—1 is guessed or achieved from fortuitous work.
B1: Correct centre or radius. Accept unsimplified fractions for this mark.
B1: Correct centre and radius - fractions must be simplified.
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5(a) . .
Alt . 241 x+dnitl _(x+1)+4ix (x-3)-4ix
z=x+1y,y=4x=>w= = - = — X —=.. | Ml
z—=3 x+4xi-3 (x-3)+4ix (x—3)—4ix
(1727 —2x-3) - 16ix
(v A1
(x—=3)"+16x
17x> —2x-3 —16x
U= 5 =S 5
(x—=3) +16x (x=3) +16x dM1
=3+ —2u+tv=..
= .= 3u +3v —2u+v—1=0* orstates k=1 ddM1Alcso*
)
>(2) . z+1 x+4xi+1
Alt IT z=x+1y,y=4x=>w= = -
z—3 x+4xi-3
:>(u+iv)((x—3)+4ix):(x+1)+4ix:>...+...i=... Ml
u(x—3)—4vx+i(v(x—3)+4ux):(x+1)+4ix Al
=u(x-3)—4dvw=(x+1) v(x-3)+4ux=4x
3u+1 3v 3u+1 3v dM1
u—4v—1 v+4u—4 u—-4v-1 v+4u—-4
(3u +1)(v+4u —4) = 3v(u—4v—1) =12u> +12v’ —Su+4v—-4=0
5 ) ddM1Alcso*
=3u +3v —2u+v-1=0%*
(5)
Notes
(a) Alt 1
M1: Uses y = 4x and z = x + iy in the expression for w and multiplies through by complex conjugate of
denominator
ATl: Correct expression in terms of x (oe)
dM1: Replaces w with u + iv and equates real and imaginary parts and substitutes into the LHS of given equation.
Dependent on previous M mark.
ddM1: Proceeds simplify the expression putting over common denominator.They are unlikely to make much
progress at this stage in this method. Dependent on both previous M marks.
Alcso*: Correctly shows the expression equates to 0 and gives minimal conclusion.
(a) Alt 11
M1: Uses y = 4x and z = x + iy in the expression for w and equates to u + iv, cross multiples and expands.
Al: Correct expression with the i* terms simplified.
dM1: Equates real and imaginary parts and proceeds to eliminate x solving simultaneously. Dependent on
previous M mark.
ddM1: Proceeds to simplify by cross multiplying and expanding to at least eliminate v terms. Dependent on
both previous M marks.
Alcso*: Correctly shows the expression required holds. As main scheme.
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I%Ererfg:rn Scheme Marks
6(a d
(@) y=secx:>—y=secxtanx
dx
. M1
—J; = (secxtan x)tanx + secx(sec2 x) (: sec x tan” x +sec’ x)
'y
— = se:cx(sec2 x—l)+sec3 x =2sec’ x—secx
dx
dsy _ 2
= —= =6sec’ x(secx tan x) —sec x tan x dM1
or
d3y

2 2 2
@=2560xtanxsec x+tan” xsecxtan x +3sec” xsec xtan x

3
[5)3}:55603 xtan)cJrsecxtanx(sec2 x—l)z 6sec3xtanx—secxtanxj

ddM1
3

=>—= secxtanx(6sec2 x—l)
dx

@

(b) T T \/‘ T | T \/‘ ol T ml T \/—
sec(§j=2, tan(;jz 3 jf[gjzl f (§j=2 3, f (§j=14, f (§j=46 3 M1

2 3
xX—a xX—a
f(x)=f(a)+(x—a)f'(a)+—( 2!) f"(a)+—( 3!) f"'(a)+...
- . dM1 Al
:>2+2x/§(x—£j+7(x—£) +i(x—zj
3 3 3 3
(&)
(¢ 2 3
(sec7—nzj:2+2\/§(—lj+7(—lj +%(—lj =... Ml
24 24 24 3 24
sec7—nz1.636709263... ~1.637 Al
24
2
Total 9
Notes
(@

M1: Differentiates twice and obtains expression for second derivative allowing for sign errors only

dM1: Dependent on previous M mark. Differentiates again and obtains expression for third derivative
allowing for sign errors only (which could come from incorrect signs in trig identities)

ddM1: Dependent on both previous M marks. Obtains an answer of the correct form or values for p and q.
Allow slips from their third derivative but any trig identities used can only have errors in sign.

Al: Fully correct expression or values for p and ¢

Note: If they decide not to work in sec x and tan x the main scheme still applies — see Alt next page.

Allow “meet in the middle” approaches that determine the values of p and ¢

(b)
T

M1: Uses sec x and their three derivatives to attempt to find values for f (gj , '(Ej , "(gj and f "'(gj

evidenced by values for each with at least 2 correct if no method seen. May be recovered by substitution of
values into formula if not all listed.

dM1: Dependent on previous M mark. Uses a correct Taylor series with all four of their values. Series must
be correct for their values but allow slips if a correct formula is quoted.
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23
Al: Correct series with coefficients in a simplest form e.g., allowx/ﬁ for 2\/§ , ﬁ forz?3 \/5 Condone
absence of sec x =... or y =... Must have had a correct third derivative in (a), though need not have been

simplified to the form required (and allow if there was a correct third derivative which was incorrectly
simplified if the correct answer is found).

()
M1: Shows evidence of substitution of ;—Z into their series of the right form (powers of (x - g} ). Ifonly a

value is given score MO unless it is the correct 4 s.f. value for their series (1.636709263... allowing awrt
1.637 if (b) is correct). You may need to check the answer.
Al:1.637 only (not awrt) from a correct series.

Note that sec;—z = 1.642679632...

6(a) a1 dy =) . sin x
=secx= y=(cosx) =>—=—(cosx) (—sinx)=
Alt Y y=( ) dx ( ) ) cos’ x Mi
dzy B cos’ xcosx—2sinxcosx(—sinx)
dx? cos* x
3 2
d*y cos x+2cosx|l—cos"x) 2 —cos’ _ _
(;(;s X cos X dM1
= E); =—6(cos x)4 (—sinx)+(cos x)f2 (—sinx)
d’y 6sinx sinx sinx [ 6 ddM1
= - = —1|=secxtan x(6sec’ x—1
dx* cos*x cos’x cos’x\cos’x ( ) Al
4
Notes

Mark as per main scheme allowing sign slips only - forms correct at each stage.
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Question
Number Scheme Marks
7(a _ !
® 2=y’ = y=z'= y=z2=
dz d B1
& ytor =27 Y ¥ o2 Ay 13
dy dz dz &z B
dy dz d dv 1 5dz dy 1 2de
—yz_._y(oe)je'g_’_yz——)f—’ —y=——22— M1 Al
dx dx dz dx 27 dx dx 2 dx
x%}+y+4x2y3 Inx=0= e.g.,
| s 3 B 3 dM1
—Exy3a+y+4x2y3lnx=0 5% 2a+z 244x°z 2Inx=0
dz 2
———-8xlnx=0 %—2—8xlnx=0
dx xy dx x
- Al*
- Z 22 _gxlnx *
X
&)
(b) 2 (dx
(IF=) o Ml
:e—Zlnx (: xiz) Al
x’z= jx‘z (Sx In x)[dx] M1
E.g. Parts:jx"1 Inxdx: (u =lnx,u'=x"v'=x"v= lnx)
2 2
=I=(Inx) —kI = 1= p(Inx) Ml
Or substitution: 7 = In x, dr =x'=7I= k_[ x'Inx-xdt= kJ.t dt= pt*
dx
[x ' nxde= %(mx)2 [+c] Al
x7z= 4(ln x)2 +hk=z=4x (lnx)2 +kx’
5 1 Al
= y = 2 2 oc
4x° (ln x) + kx
(6)
Total 11
Notes
(a)
B1: Any correct equation following differentiation of the given substitution. Could be implied.
. . C . dy dx dz dx
M1: Uses a correct chain rule to obtain an equation linking — | or — |and — | or —
dx dy dx dz
Al: Any correct equation
Note that the first three marks could be scored by a first step of, e.g.:
dz d d dz dy 1 2de
Co 03 o 2P 2E o Fo ST
dx dx dx dx dx 2 dx
d
dM1: Dependent on previous M mark. Substitutes theiray into differential equation (I). Need not replace
fully for this mark.
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AT*: Fully correct proof with no errors. There must be an intermediate line of working between the line where
they substitute into DE(I) and the given answer.
Note: Use Review for any incorrect but potentially creditworthy attempts that “meet in the middle” or use (II)

=D
(b)
K
M1: Correct form for integrating factor. Allow € * and missing dx
Al: Correct IF in any form
M1: Obtains IF-z = IIF . (8xln x) [dx] Correct for their IF and z not y

M1: Must have achieved an integral of form & I x! (ln x) [dx] Correct form following integration of X~ In x

(constant not required):
J.x’l Inxdx= p (ln x)2 [+c]

The work in the scheme above is sufficient but you do not need to scrutinise the details, accept work that
leads to the correct form.. Condone “ In x? > for this mark

. . . . 2
Al: Correct integration (constant not required) In x* is A0 unless recovered — must see (ln x) but allow In’x

-1
Al: Any correct equation in ? = ... form €.g., y° = [xz (41r12 x+k )} Constant may appear as a multiple,

e.g., 8c
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Question
Number Scheme Marks
8 r=6(1+ cosd) 0<O<m
(a) 0 =0, r=6(1+cos0) =12 or(12,0) Bl
€Y
(b) d, .
—(7rsinf):
5 (rsin6) .
=6sin¢9(1+cost9):> =06sinf +6sinfcosd = = 6sin@+3sin20 =
6sin @ (—sin 6)+6cos & (1+cos ) 6COSH+6(COSZ 6 —sin’ 0) 6cosf+6¢co0s26
= 2c0s’ @+cosf—1=0
dM1
[(20059—1)(cos¢9+1) =0 :>:| cosd = % [or—l]
=2 r=6/1+cos=|=9 or [9,Z Al Al
3 3 3
“
8(c) [£][ 7> do =[4][36(1+cos6)" [d6] Ml
jrz dé= 36J‘(1+2cosl9+cos2 H)[dé’] = 36[(%+2cos€+%cos20)[d0] Ml
[(a+bcosf+ccos26)[d0] = ad +bsin 0+ £sin 20 M1
18[260+2sin@+1sin20] Al
. . z 3
18[%9+251n6’+ism20]3:18£g+\/§+%} [—O] [ o +—\/_ dM1
"' 'm") . 'w' 93
E.g. OB=6|1+cos— |=BQO=6| 1+cos sin = J— Ml
3 3 3 2
BP=12-9cosE=12-2-12
3 2 2 Al
= arca OBPA =~ @2 ng_ or L2903 98 15 [:§§¢ﬂ
2 2 2 2.2 2 2 2 8
area of region R = E\/_ \/_ o 189 \/_ on Al
®)
| Total 13
Notes
()
BO: Correct values for € and r or correct coordinates. Condone (0, 12).
(b)
MI: Differentiates 7 sin €. Allow sign errors only. The “6” may be missing
dM1:Dependent on previous M mark. Uses correct identity/identities to reach a 3TQ in cos & and solves.
Apply usual rules or by calculator must obtain at least one real consistent solution where —1 < cos@ < 1
Accept 0 = g following a correct derivative set equal to zero to imply the M if no incorrect working shown
(by calculator or by inspection).
Al: Either » or @ correct.
Al: Both coordinates correct. Only accept gand 9. Withhold last mark if additional answers offered and not
rejected, but isw after correct answers seen if only a miscopy is made.
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()

MI1: Attempts J.rz dé@ which may include the % for the area formula. The multiple 36 may be missing or
wrong. Condone poor squaring - allow this mark if there are only two terms.

MI: Uses cos’ @ =+1cos26+Land obtains an integrand of the forma + b cos 6 + ¢ cos 26 (constants may be
uncollected)

M1: Integrates and obtains a form a@ +bsin @ +5sin26 (sign errors on trig terms only). May be two terms in

0

Al: Fully correct expression for the area of the sector after integration. Ignore limits but% must have been used or

appear later.
dM1: Dependent on previous M mark. Evidence of substitution of “correct” limits into the integral, so their

g (provided 0<O< g) and the lower limit must be 0 and lead to zero but this can be implied by

omission.
M1: Correct method for the perpendicular distance between /; and the initial line with their » and

. s . . . .
0 (prowded 0<@< Ej for point B. This may only be seen embedded in their attempt at an area, so

may be implied if not explicit. E.g. look for “their 7 sin their Z or may find r again from the equation of

3

curve.
Al: Correct expression for area of trapezium OBPA - may be given as as a sum of separate areas, e.g. triangle
OBQ + rectangle OBPA. Other formulations are possible.

. 1 .
A1l: Correct answer in the correct form or p = % or exactequivalent, g =-9

Useful diagram:

By "aim .p

| TOTAL FOR PAPER: 75 MARKS
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January 2024
WFMO02 Further Pure Mathematics F2 Mark Scheme

Question
Number

Scheme Notes

Marks

1

>2x+3

x+2

Examples:
I-(x+2)(2x+3)

x+2
x+2>2x+3)(x+2)’

:>(x+2)(2x2 +7x+5)=o or 2% +11x +19x+10=0

>0=2x"+7x+5=0

=2x+3=(2x+3)(x+2)-1=2x"+7x+5=0
xX+2

Uses algebra to obtain a 3TQ, (x + 2) multiplied by a 3TQ or a 4TC. Allow slips and
condone incorrect inequality signs but the first algebraic step should be otherwise

appropriate so do not accept work with e.g., (2x+3)(x+2)=0. The “= 0" can be
implied by solutions. Graphical attempts require intersections to be found
algebraically. Squaring first is acceptable so allow M1 for obtaining a 5STQ
(4x* +28x" +73x* +84x+35=0)

M1

e.g,(2x+5)(x+1)=0=| Both —1 and —3 from appropriate work and no extra

_5 1 incorrect cvs. May only be seen in the solution set.
YT Allow solving a 3TQ etc. by calculator.

Al

Identifies —2 as a critical value. May only be seen in
solution set. This is the only mark available if there is no
x=-2 algebraic manipulation seen. Allow from any or no
working e.g., from (2x+3)(x+2)=0

B1

:>x<—%, —2<x<-loreg,(—0,~2.5),(-2,-1)

M1: For the regions x <a, —2 <x <b with real cvs a <-2 and b > -2 but condone
b < x < -2 as anotational slip for this mark.

Condone any non-strict inequality signs and poor notation for this mark. Not
dependent but must follow an attempt at algebraic manipulation.
A1l: Correct solution set in any form. Do not isw if the correct inequalities are
subsequently incorrectly amended. Allow all marks even if an incorrect inequality
sign was seen earlier in the working.

M1 A1

Examples:

—§>xor—2<x<—l M1 Al x<—§and —-2<x<-1 M1 Al

(Accept any word between the two correct regions)
x<—2,-1<x<-2 MI AO (notational slip)

b

(_oo _%j m(—2,—1) M1ADO (incorrect symbol — allow “and”) [—oo,—%} u[—2,—1] MI1AO

x<—3 —2<x x<-1 MO AO (insufficient)

(6))

Total 5
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Question
Number

Scheme Notes

Marks

2(a)

2
() z= 6—6\/§i = ‘z‘ = ’62 +(6\/§) =12 +12 only. Accept if just stated

B1

6,3

(ii) e.g., argz=— arctanT

. 64/3
Attempts an expression for a relevant angle. Look for +arctan i?\/_J ore.g., +tan' [i Lj

Vg
63

If arctan is not seen allow e.g.,tan = wa =S a= 3 with a correct for their tan o

If using sin or cos the hypotenuse must be their 12

M1

arg z or arg or argument (of z) = —% *

A correct proof with no incorrect work/statements. LHS required. Allow "& =" if

consistent, ¢.g., & =—% cannot follow "tan& = +\/§ "

Al*

(i)
Way 2

z= 12(%—@1) :12(cos(—§)+isin(—§)) or 12¢ ¥ or cosH:%orsinH:—g[Ml] =argz=—% [Al¥]
B

M1: Factorises out 12 and writes in trig or exp form or identifies cos @ = - andsin @ =—-
Al: Acceptable statement with all work correct

(ii)
Way 3

z=12&oq—g}ngn0%j)m12§?oru(;s@ﬂ=6—6jﬁ[Mﬂ::mgz:-@[Aﬁ]

M1: Assumes result, writes correctly for their 12 and attempts a + ib form
Al: Obtains 6— 6\/§i and makes acceptable statement with all work correct

€)]

(b)

z= "12"£COS[—£]+iSin (_ZJJ or "12"673i [no missing “i”” unless recovered]
3 3
Correct trig or exp. form with their 12. Could be implied by their z* in trig or exp. form e.g.,

("12"6_?)4 Allow equivalent values of @ e.g. % and use of e.g., sin(—g) = —sin(g).

Condone poor bracketing. Allow this mark if +2k7,— 2k, + 2k appears with argument

M1

4r.
zt = 20736{cos[—4?”j+isin(—4?ﬁj] or 20736(003—4?”+isin—4?ﬂ} or 20736e 3

Correct z* in any form. 12* evaluated and arg. of —42 (not just4x—Z) or 2 only although

may use e.g., sin(—%”) = —Sin(%’f). No “k”’s. Condone an “unclosed” bracket.

Only accept —10368 + 10368\/§i or 20736(—% + gl) provided evidence of de Moivre.

Al

2)
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Question
Number

Scheme Notes

Marks

2(0)

z

w= Z% = (i)m{cos(_;] +i sin[%ﬁore.g., (i)"z\/}ve'gi

73]
1

[no missing “i”” unless recovered]

Correct use of de Moivre’s theorem with —% and their 12 to attempt one square root.

Allow work with argument of ST” for—5 and use of e.g., sin(—%) = —sin(%) . Condone

poor bracketing.

MO if z* used for z. Allow this mark if +2kz,— 2k, + 2k appears with argument

M1

w=3—1/3i,—3+/3i oe

ATlft: One correct exact root in a@ +ib or c(a +ib) form (a, b, c may be unsimplified but not
numerical trig expressions) ft their 12 only i.e.(i) N VA (% —%i)

Al: Both exact roots (no others) correct in @ +ib form — a and b may be unsimplified (but
not numerical trig expressions) e.g. accept

a= (VAL (1) B8 (2 ()25

Accept+(3-+/3i) but just+3-+/3iis A1 AO. Justi\/g(\/g—i)is Al A0

Alft
Al

Note: w* =7° (COS 260 +isin 29) =z =r, @, w=...1is an acceptable approach

&)

Alt

w? =z = (a+ib)’ =a® —b* +2abi = 6—6\35i = a* —b> =6, 2ab =63

—§1§:>a2—3;:6:>a*-af—27:@#—9)@%+3)=0:>a2=9,a:jﬁ,b=$J§
a a

M1: From a correct starting point, expands and equates real and imaginary parts to form
two equations in @ and b and obtains at least one value for both @ and b

w=3-3i,—3+/3i

A1: One correct exact root in a +ib or c(a +ib) form (a, b, ¢ may be unsimplified)
Al: Both exact roots (no others) correct in a +ib form — ¢ and » may be unsimplified

b=

Total 8
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Question Scheme Notes Marks
Number
3(a) - \/r(r +1) - \/r(r -1) A correct multiplier to rationalise
X the denominator seen or implied by M1
Jre D)+ fr(r=1)  Jr(r+1) = Jr(r=1) correct work
r( r(r+1)— r(r—l)) 1) — -1
Y J DD
r(r+1)—r(r-1) 2 2 Al
Correct expression or correct value for A. Condone poor notation if intention clear.
There must be (minimal) correct supporting working.
Alternative:
r r r r 1
= = or— ——Oor— = A=—
(\/r(r+1) +\/r(r—l))(\/r(r+l) —\/r(r—l)) ”(”+1)—’”(’”—1) r+r—ri+r  2r
M1: Correctly makes A4 the subject Al: Correct completion with one intermediate fraction
2)
(b)

JIx2-\fix0 (=2 (-0))
_— 1 e O
Z\/r(r+l) +\/r(r—1) :"E"

...+\/(n—1)(n—1+1) —\/(n—l)(n—l—l) (: \/n(n—l)—\/(n—l)(n—Z)J
+Jnn+1) = fa(n=1)

M1: Applies the method of differences for » =1 and » = n in the given expression with or
without their 4 and obtains one correct row of these 2.
M1: Applies the method of differences for » =1, » = n and either » =2 or » =n — 1 in the
given expression with/without their 4 and obtains 2 correct rows of these 4.

When considering how many rows are correct, if 4 has been clearly applied to any term
then assess all rows as if 4 has been applied throughout.

M1
Condone missing bracket if their 4 is applied to a row e.g., “ 1 X \/g - \/5” if it is M1
recovered but e.g., @ —\/5 is an incorrect row. Ignore a row for » = 0. Condone
equivalent work with  or e.g., k used for n.
Both marks can be implied by a correct final expression with or without their 4
provided there are at least any two correct rows of differences
ie., "%”(4 /n(n +1) —O) or |, /n(n +1)-0
Note: row 3 is "1"(\/12 (or 24/3)=/6) , row 4 is"1"(+/20 (or 2/5) —/12(or 24/3))
If 1 is fully applied the rows are:
2. 8L o3 L, B (or5) L (or3)...
J(n=2)(n-1) _ Jn-2)(n-3)  Jn(n-1) _ J-D(n-2)  n(n+) _ Jn(n-1)
ceey 5 P s 2 2 ° 2 2
Correct expression in terms of n. No
incorrect terms seen in differences work even
1 o if cancelled but condone the occasional poor
=— [n(n+1) oe e.g.,~—— bracket. There should be no “0” so e.g., Al
2 2 1 ‘
5(‘hﬂn+1)—0)1sA0
Does not require marks in (a)
(&)
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Question

Number Scheme Notes Marks

3(c
©) ) r=Sn(n+1) cg. sightof kx...= [Ln(uery|  States or uses the correct M1
i 2 2 summation formula for integers

k 1 k 1 \/5 only (Not ). k= \/5 must
5»\/”(” +1) = 1/5 n(n+1) = - \/; = k= \/5 not come from a clearly incorrect Al

equation.
(2)

Total 7
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%llller;%g? Scheme Notes Marks
4(a) o (3x .3 (3« Any correct first derivative.
y=tan 7 =) _Esec ? Notlmphedby y'(%):3 B1
= =2x 3 sec [Mj x SeC (%J tan [3)6} «> | Attempts the second derivative achieving
2 (2 2 2) 2 fsed? [ 3x jtan( 3x j or unsimplified
> 2 M1

9 L[ 3x 3x
=5 sect| o tan) = equivalent. Not implied by y"(£)=9

dM1: Attempts third derivative using
the product rule, achieving

w9 o3 3x).3.9. (3 3 3 3 3 3 3
=y"=2 sec’ (%} sec’ (TXJ xJ+otan [%] x2x 58602 [%} tan {%] Psec? (;j + Osec? (zxj tan? [;J
or unsimplified equivalent. Requires dMm1

27 4 3x) 27 L[ 3x > 3x previous M mark. Al
=—sec | — |+—sec’| — [tan" | —
2 2 2 2 Al: Correct differentiation. Accept

unsimplified. Not implied by
ym( ) 54

If gec? [3_"} = tan> (3_xj +1 is used the identity must be used correctly and to score M marks
2 2

expressions of consistent form should be achieved.

Note that replacing sec’ 3% ) in V'= y”'zzsec 3% 1 8leee?| 3 Jan?| X
2 4 2] 4 2 2

BB .

Attempts values (but allow numerical trig expressions) for y and their 3 derivatives at % - accept

stated values or insertion into a series of the correct form

) 9 z) 54 z)
(y=)1+3 X——|[+=|x——| +—|x——| +
6) 2! 6 3! 6

Applies Taylor’s correctly about £ with their values/numerical trig expressions. If values are not

dM1

seen separately the work should imply a correct formula but allow a recognisable attempt at the series
following the correct general formula stated. Requires previous M mark.

Correct expression with coeffs. in simplest

) 9 ju 2 . 3 form. “y = ...” not required. Requires all
(y =)1+3(x—6j+2{x—] +9[x—6j +... previous marks. Al

Score A0 if clear evidence of use of any wrong
derivative expression.

Ife.g. y"'( )1s found by calculator but y'(x)and y"(x) were seen award 1100110 max 7

Note: With responses that work in sin and cos throughout, to score M marks there must be
no loss of form when differentiating (sign and coefficient errors only, also allowing sign
errors with product/quotient formulae). Any use of identities must be correct. E.g:

yen(2 ) ) gl ) )

2 cos(%‘) Cosz(%‘)

e coS( )Sln( )+ cos( )sm (7*) or fcos( )sm(32)0r 9sin(37x)
cos (%) cos (3716) 2 cos? (37)()

Y

T (A St (1) 30 3]
= 2

2
cos (7*) 7+27t +Zt
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Question Scheme Notes Marks
Number
4(b) Va T | 97 =« ’ T T ’
y| = |=b3| 2o 4 2 22D 49| 222
4 4 6) 24 6 4 6
9 2 3
or 143 Z |+ 2] 2| 49| =
12) 2(12 12
Substitutes — into their expression for y of the correct form with at least the first M1
three terms (series about £ ). Must have values (not unevaluated trig expressions).
If only a decimal value is given then it must be the correct awrt 2.26 to score M1
(2.255314325).
If there is no working they must obtain an expression with at least @+ bz +cz” and
correct exact ft @, b and c for their series or 1+ % +cx’ with correct exact ft ¢
Correct answer or values for 4
2 3
L ELELm 1+l”+iﬂ2 +L”3 (32) and B (192). Can be awar@ed Al
4 32 192 47 32 192 if full marks were not scored in
(a).
(2
Total 9
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Question Scheme Notes Marks
Number
5 7> =100cos’ @+20cos O tan &+ tan® 6 Any correct expression for 72 | Bl
Attempts formula for the area
z z with their 72 which may not
} r2d9={k} (100c0s? 9+ 205in 0+ tan” 0){ a0 be expanded M1
. 2] ), Condone missing 1 and limits
not required
1 3
=— (50(1+cos26’)+20sin0+se020—1){d0}
2 0
1,1
M1: Uses cos’ 0 = iEiECOS%) or tan’ @ = +sec’ @ +1in their 72
1,1
M1: Uses both cos’ 6 = iE + S o8 20 and tan” @ = +sec’ @+1 in their M
Both M marks can be scored without the integral and the 1 . M1
Condone mixed variables. Al
1 1
A1l: Correct integral following cos” 8 = o+ cos 20 and tan’ @ =sec* @—1. The
cos @tan & must be written as sin @ (implied if appropriately integrated later).
1
The — is required (it may be seen later) but limits/d & are not needed. Allow mixed
variables if subsequent work recovers this.
L 3
= l[496’+25sin26’—200056’+tané?} or £9+§sin29—100050+ltan0
2 0 2 2 2 .
MT1: Achieves three of the following four integrated forms:
k — k6 (at least once), cos20 —>...sin20, sin@ —>...cos@, sec’ 6 — ...tan O . M1
Ignore other terms if 3 of the above are satisfied. No § or limits required. Condone Al
mixed variables.
Al: Correct integration including the ; (may be seen later). Limits not required.
May be unsimplified e.g., 496 seen as 5060 —6 . Allow mixed variables if
subsequent work recovers this.
=1-f%5+2smnzz—20amf+umf¥{0+0—20+0)
2 3 3
=l 49—7r+&—10+ 3+20| or 49—7[+ﬁ—5+£+10
21 3 2 6 4 2 M1

Applies the correct limits to an expression of the form p@ + ¢ sin20 + r cos @ + s tan
(p.g,r,s#0) Allow slips but there must be a clear attempt to substitute, and they

must only subtract the value of their 7, e.g. if » =20 work must have or imply

...— (=20) or +20. Allow mixed variables if the substitution recovers this.
_ L(ggﬂ 813 + 60) Correct answer or values for Al
12 a, b&c
Note that there are other viable routes through the integration e.g., use of integration by parts 9)
Total 9
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Question
Number

Scheme

Notes

Marks

6

(@

m*+6m+13=0=>m=

{=—3=2i}

Forms correct auxiliary equation
and obtains a correct numerical
expression for at least one root by
formula or uses CTS (apply usual
CTS rule below). One correct root
if no working

M1

2
CTS rule: m2+6m+13=0:>(migj +q+13=0, g#0=>m=...

CF examples:
(x=)e™ (A cos 2t + Bsin 2t)

or (x=) Ae™ cos (—2t) +Be™ sin(—2t)
or (x =) Pe(—3+2i)t " Qe(—3—2i)t
or (x=)e™ (Pezi' + Qe’z”)

Correct complementary function

in any form, allow if the “x =" is

missing or wrong and accept for

this mark if the CF is given fully
in terms of x instead of 7.

Al

Correct form for the particular
integral selected. Must include
Ae”'but accept with any extra
terms that correctly disappear
when coefficients found. Accept
“PI=". If Ae™is used p =-3 must
be seen later.

B1

2
dr _ -3¢ ; d—f =92e™
dt dr

— 90 + 6(—3/1e’3t )+ 134 =8e™

Differentiates a PI of any form
twice (provided it has at least one
constant and is a function of 7)
and substitutes into the equation.
Allow only sign/coefficient errors
only in the differentiation.
Their PI must lead to non-zero
derivatives.

M1

—91-181+131=8=A1=... (2)

Proceeds to find the value of the
constant following use of a PI of
the correct form. Any
unnecessary extra terms in the PI
must be found to be zero

dM1

x="e (Acos 2t+Bsin2t)" +2e

Correct general solution ft on
their CF only — any CF provided
it has at least one constant and is
in terms of 7.

Must have x = ...

Do not allow if their CF is
miscopied or mathematically
changed

Alft

Work with a PI of the form Are”'is BOM1dMOAO max even if 2e™'is obtained.
Only condone incorrect variables if they are recovered but refer to the note for the

first A1.

()
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Question
Number

Scheme Notes

Marks

6(b)

Uses the initial condition for x in their GS
2 to find a linear equation in one or two

~ 1_ A0 (: A __j constants. Allow for GS = CF or CF + PI

2 B and the constant may come from the +PI

M1

x=e' (A cos 2t + Bsin 2t)+2e’3’

;ﬂ = (—2A sin 2z + 2B cos 2t) ~3¢™ (A cos 2t + Bsin ZZ) —6e™
t
Uses the product rule to differentiate their real GS obtaining an expression in

terms of ¢ of the correct form for their GS (sign and coefficient errors only — so do

not allow e.g., ...e” —...e? ). Allow for GS = CF or CF + PI and does not have to

include constants.

If they work with a complex function e.g., x = P!>V + Qe 4 2¢
is unlikely.

This mark is not scored for work in (¢)

~'progress

M1

tzoﬂzl:l:zﬁe—m-é:B:...(:l)

d 2 2

Uses both initial conditions to find values for the 2 constants (no others) in their

GS = (CF with 2 constants) + PI(no constants). One constant must be found to
be non-zero.

Requires both previous M marks.

ddM1

Correct particular
L 3 ) N solution in any form in
x=e (—zcos2t+sm2t}t2e terms of 7.
3 Must be x = ... unless
or x=e' [—cos 2t +sin 2t + 2] this was the only reason
2 for final A0 in part (a)
due to omission or e.g,
“y=..."” was used

Examples:

a3 .
or x=2e 3’—5e 3 cos2t+e " sin 2¢

Al

Q)]

(©)

e (3sin2t+20052t)—3e’3’ 3 cos 2t +sin2e |—6e =0
dr 2

dx
Sets an expression for — = 0. Accept with any unfound constants provided d— =1(¢)
t

M1

(3sin2t+20052t>—3[—20052t+sin2tj—6 =0

Achieves an equation of the form asinbt +ccosbt +d =0 or equivalent with
terms uncollected. One of @ and ¢ non-zero and b and d non-zero.

Must follow a GS = CF + PI where two constants were found for the CF and

one for the PI. Requires previous M mark.

dM1

Finds a value of ¢ from cos it = ¢ (k #1, —1<c< 1) and uses their positive (or made

Requires both previous M marks.

cos2t = % =1=0.1973955598...=> x or a = %e’“o'lm“) (4—3>< % +2sin(2x 0.1973...)] =..

positive) value of ¢ to find a value of x (or a) via their PS. Accept a pair of stated values.

ddM1

xora=0.553(1164729...) \ awrt 0.553

Al

Q)

Total 14
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Question
Number

Scheme Notes

Marks

7(a)

Way 1

z-3 Attempts to make z the
=2iw-wz=z-3=>z=.. subject and obtains any
fw)

w=—
21—z

M1

,_3t2iw or 507 2iw Any correct expression
w+1 —w—1 for z in terms of w

Al

B 3+2iu—2vxu+1—iv
u+iv+l  u+l-1v

Applies w =u + iv and a correct multiplier for their z seen or implied by a correct
result from their z. Denominator must have had a “w”. Note alternative route below.

M1

3+2iu—2v L +1-iv _ B-2v)(u+1)+2uv+2u(u+1)i—-(3-2v)vi
u+iv+l  u+l-iv (u+1)7>+*
2u(u+1)—3-2v)y  3-2v)(u+1)+2uv
(u+1)7>+v° - (u+1)>+v°
Multiplies, extracts real and imaginary parts and uses them in the equation y = x + 3 (oe) to
produce an equation in # and v only — no “i”’s. Condone y = ...i if recovered. Can follow

slips with multiplier but denominator of z must have had a “w”
Note: Just2u(u+1)—(3-2v)v=3-2v)(u+1)+2uv+3 is MO (lost denominators)

xX+iy=

+3

y=x+3 oe =

M1

Expands and simplifies to
20 +1)— (3 —2v)v = (3= 20)(u +1) + 2uv+3(u +1)> + 37| Obtain an equation of a
circle with 4 or 5 real
unlike terms.
All previous Ms required.

Su+Tu+v  +v+6=0

dddM1

Alternative for the above 3 marks (note this could be done by equating expressions for y)
. 3422y . ) .
X+y=——"-—7-—-—-2>= (x+1(x+3))(u +1+1v) =3+2ui—-2v
u+iv+l
M1: Applies z = x+1y, uses y =x + 3 and cross multiplies

x(u+1)—v(x+3)+(x+3)(u+1)i+xvi=3—2v+2ui
=Sux+x—vwx—-3v=3-2v, ux+x+3u+3+xv=2u
3+v -u-3
=>Xx= , X=
u+l-v u+l+v
M1: Equates real and imaginary parts and makes x the subject twice

3+v)(u+1+v)=—(u+3)(u+1-v)=3u+3+3v+uv+v+v’ =—u’ —u+uv—>3u—3+3)
(3+v)( )=—(u+3)( )

=>u+V+Tu+v+6=0
M1: Equates expressions for x to obtain a circle equation with 4 or 5 real unlike terms

7Y (1) 49 1 13 7 1 26 13
=|u+—| +|v+=| =—+——6=—=centre: | ——,—— |radius: ———or, [—
2 2 4 4 2 272 2 2

M1: Extracts the centre and/or radius from their circle equation, however obtained, with 4
or 5 real unlike terms. Circle equation must not be in terms of z or w. They must get one
correct coordinate (but condone wrong sign) or the correct radius for their circle.

May use u’ +v° +2gu+2ﬁ/+c=0:>centre:(—g,—f), radius =+/g” + f* —c

A1l: For a correct centre or radius from a correct circle equation
Al: For correct centre and radius from a correct circle equation

. 7 1. )
Centre as coordinates, x/u=..., y/v =... oras ————1 and allow(—%,—%l)
2 2

Allow exact equivalents for coordinates/radius

M1
Al
Al

@®)
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Question Scheme Notes Marks
Number
7(a) ' . M1: Uses z = x + 1y and
_z=3 _ x+iy-3 :x—3+1(x+3) y=x+ 3 in the given M1
Way 2 2i—z 2i-x—iy 2i-x—i(x+3) transformation Al
[Note that it is possible to replace x with y — 3] Al: Corfec‘[ expression for
w in terms of x
—x_3+.l(x+3):u+iv3x—3+i(x+3):—xu+v(x+1)—iu(x+l)—ivx ApplleSW.=u.+1V and M1
—x—i(x+1) multiplies
X=3=—ux+vx+v, x+3=-ux—u-wx Equates real and imaginary
3+ _ 3-u parts and makes x the M1
x—1+u_v, x—1+u+v subject twice
Equates expressions for x
to obtain a circle equation
343u+3v+v+uv+vi =-3-3u+3v—u—u’+ . que
wrovTy L;v ‘; . " 6 _‘E) woy with 4 or 5 real unlike dddM1
>u +v +Tu+v+6= terms.
All previous Ms required.
2 2
7 1 49 1 13 7 1 ) 26 13
=>|u+—| +|v+—| =—+——-6=—=>centre: | ——,—— |radius: ——or  |—
2 2 4 4 2 22 2 2
M1: Applies a correct process to extract the centre and/or radius from a circle
equation, however obtained, with 4 or 5 real unlike terms. One correct coordinate
(but condone wrong sign) or radius correct for their circle. M1
Al
May use u’ +v’ +2gu+2fr+c=0=centre:(—g,— /), radius =/g* + /* —¢ Al
A1: For correct centre or radius from a correct circle equation
A1: For correct centre and radius from a correct circle equation
. 7 1. .
Centre as coordinates, x/u=..., y/v =... or as - —51 and allow (—%,—11) 8)
e.g., 3 points on line are (0,3), (1,4) and (2,5) . Attempits three
Way 3 or z, =3i, z, = 1+4i, z, =2 +5i points/comp ex numbers M1
on y =x + 3 with 2 correct
_z-3 _3i-3 _2+4 _ 1451 Correct transformed
W=———=>wW =— ), = - Wy, = - Al
2i—z — -1-2i -2-3i complex numbers
3i-3 i —2+41 -1+2i —1+5i —2+3i
w = XT W= . W= -
-1 i -1- 21 —1+2i -2- 31 -2 +3i M1
At least two correct multipliers to remove “i” from denominator seen or implied (one if
(=1, 2) used). Requires 2 correct points/complex numbers on line
8 Two correct complex
w=-3-31 wy=—=—=i w=-1-1 numbers in a + ib form or as M1
> 5 points
6g+6f—c=18 Uses a correct general
2, .2 equation of a circle to form
g, X +y +2ax+2f+c=0=>L2g+ %8 f =0 quatl . dddM1
g Y H2gx 2y S8t/ three simultaneous equations.
2g+2f-c=0 All previous Ms required.
:>g=z,f 1 , c=6=centre (—g,— f): [—Z —ljradius— g+ - \/_ \/7
2 2’ 22 M1
M1: Solves and obtains at least one correct coordinate (but condone wrong sign) or Al
radius for their constants Al
A1: Correct centre or radius from correct work
Al: Correct centre and radius from correct work (8)
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Question Scheme Notes Marks
Number
7(b) MI1: Any circle with the whole interior
(i) & (ii) indicated. Ignore any inconsistencies with
their stated centre, value for radius (which
may have been negative) or circle equation.
If shaded, consider the shaded area but if not
allow any credible indication such as an “R”
ﬂ‘ inside the circle unless they have clearly M1
indicated a segment. (B1 on
/—\ Al: Correct circle drawn in the correct ePen)
position with whole interior shaded.
Entirely in quadrants 2 & 3 and centre if Al
marked in Q3 (if not marked then more than (B1 on
half of the circle in Q3). Condone if it ePen)
appears that the area above the x-axis is
greater than the area below provided the
centre is indicated in Q3. Must be shaded
but does not require a label. Circumference
may be dotted/dashed line. Ignore incorrect
labelling of centre/axes/intersections but
requires full marks in (a).
2
Total 10
Question Scheme Notes Marks
Number
8(a) Allgw “single fraction” to be i.mplied by sum/diffeljence. of fractions with same
denominator or a product of fractions. No further fractions in numerator/denominator.
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cos2x | sinx 2 2
cot 2x{+tan x} =— Uses cot2x = C?S Yore. .,7?% i M1
sin 2x COS X sin2x 2sinxcosx
cos2x+2sin? x Uses: sufﬁglent correct
. identities e.g.,
2sin xcos x Y= 1—2sin?
. . . . cos2x=1-2sin “x
1-2sin” x+2sin*x __ cos’ x—sin” x+2sin’ x 5 .
. r . CcOS2x =c0S “x—sin” x
25sin xcos x 2sin xcos x ) ) 2
2cos’ x—1+2sin’x _ cos2x+1—cos2x coser=Lcos X
. . 2sin “x =1—-cos2x
sin2x sin2x 5 o 5
. + = —
OR cos 2x + tan xsin 2x COS 2ZXCOS X +SINn xXSIN 2X COS( X x) Al
sin 2x to obtain a correct single (M1 on
sinx fraction with numerator in ePen)
cos2x X 2sinxcosx 1—2sin? x+2sin?x | terms of sin x and/or cos x or
= sin 2x =g sin 2 “cos2x+1—cos2x”. A
OR % 2x¢0S X +sin xsin 2x qualifying fraction must be
sin 2x cos x selzen before |
3 o 2 =2 or
COS X . Cos” x—sin XCOSXx+2sin” xcos x Ysinxcosx . sinox
sin2xcos x sin 2xcos x Condone poor notation.
Fully correct proof with one of
1 the two intermediate fractions
= by or — 5 = cosec2x* seen. All notation correct — no Al*
SIN X COS X S 2x mixed or missing arguments or
e.g. sin x? for this mark.
3)
Alt 1—tan’ x 1—tan?
— —tan x
cot 2x{+tan x} = —{+tan x} Uses cot2x=——— M1
2tan x 2tan x
Uses correct identities e.g.,
5 ) sin x
I—tan” x+2tan” x tan x = oe
Cos X
2 1:2an X to obtain a correct single
tan’ x4+ 1 (%) +1 cosx(sin2 X +cos’ x) fraction in sin x and cos x but
) = 2
sinx 2 g sec’ x . Al
2tan x 2o 2cos” xsinx allow 5 following use of (M1 on
. tan
tan’ x+1| cosx| _sin’x+cos’x nx , ePen)
or x . sec x=1+tan" x
2tanx COS X 25sin xcos x o .
A qualifying fraction must be
sec’ x CcoS X seen before
2tanx  2cos’ xsinx : ! or ,1
2sin xcos x sin2x
Condone poor notation.
Fully correct proof with one of
| the two intermediate fractions
e or — 5 = cosec2x * seen. All notation correct — no Al*
SINXCOS X S 2X mixed or missing arguments or
e.g. sin x? for this mark.
3)
uestion
IQ\Iumber Scheme Notes Marks
8(b) M1
Examples:
P Al
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Vv :wsin2x:>2yd—y:d—wsin2x+2wc052x
dx dx

1 Logy 1L 1 1 L dw !
or y=w?(sin2x)? :ay=§w2(sin2x) 2(2cos2x)+—w 2 —(sin2x)?
dy

) 2ysin2x = — y*.2cos 2x
or we—2 = W_ dx

sin2x  dx sin’ 2x

d
or w= y’cosec2x =>2y ay cosec2x —2y’cosec2xcot 2x

M1: Attempts the differentiation of the given substitution using the

product/quotient and chain rules and obtains an equation in %and % of the

correct form (sign/coefficient errors only and allow sign errors with
quotient/product rule).

. . . . d )
This mark is not available for work in d_y or (jl—wunless appropriate work follows to
w Ly

. . ..d d
achieve an equation in ayand Ew of the correct form.

Al: Correct differentiation

dy > o 1 dw . : .
y——+y tanx=smx — €.8., —| —sin2x+2wcos2x |+wsin2xtanx =sin x
dx 2( dx
A recognisable attempt to eliminate y from the original equation to obtain an M1

.. . d
equation involving EW’ w and xonly . Not dependent.

= dw + 2w(cot 2x+tan x) = 2‘sm al
dx sin2x

dw
= E +2wcosec 2x =secx *

Fully correct work leading to the given equation with 2w(c0t 2x+tan x) ore.g.,

Al*
2wcot 2x + 2wtan x clearly replaced by 2wcosec 2x but allow cot 2x written as
1 cos2x . sin x
or — and/or tan x written as
tan2x  sin2x cos x
If the result in (a) is not clearly used there must be full equivalent work.
Allow use of “csc 2x”
“4)
Question Scheme Notes Marks
Number
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8(0) 2| cosec2x(dx .
Ml1: e ] (&) condoning
dW 2 | cosec2xdx 1ssi
—+2wcosec2x=secx = 1F=¢ ] =tanx omission Sf’?ne or both
dx 27s M1
—In(cosec2x+cot2x) 1 1 Al: tan x oe Al
ore = or or tan x e
cosec2x+cot2x cotx Allow ktanx e.g., e tanx
Not juste™
Correctly applies their
integrating factor to the
equation, i.e.,
= w'tanx"= | "tanx"secx {dx} =IFxw= IFxsecx{dx} M1
Allow equivalents for sec x.
Condone “y” used for “w”
for this mark.
— wtan x = secx( +c) Correc‘F equation oe with or Al
without constant.
UsingIF = v = RHS of Jde which s likely to need rewriting as J. tan xsec x dx
cosec2x +cot 2x cosec2x +cot 2x
Note that IBP on sec x tan x by writing it as sec’ xsin x can lead tosin x tan x + cos x(+c)
Use Review for any attempts at integration you are unsure about.
2
e.g, y* =wsin2x and wtanx =secx+c = 'y tanx =secx+c
sin 2x
5 sin2x
=y =.. (secx+c)
tan x
Substitutes for w correctly and reaches y* = ...
Their »” = ... must be consistent with their equation in w and x that immediately ddMmi1
followed their integration.
This mark requires both previous M marks and an attempt at integration
that includes a “+ ¢”
A further example is:
2 ) csin2x
W= CcosecXx + =y~ =cosecxsin2x+
tan x tan x
{ 5 ZSinxcoszx( 1 j }
eg, ¥y = : te|=
smx COoS X
y* =2cosx+ Acos’ x
Any correct ) = ... equation with RHS fully in terms of cos x. E.g. accept Al
V' =2cosx+2ccos’x  )? =cosx(2+4cosx) 7 = 2c0s x| ——+c
COS X
Ignore any inconsistencies with the constant e.g., 2¢ later written as ¢
(6)
Total 13
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