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9FM0 Unit Test – Core Pure – 13 Hyperbolic Functions

1. [5]Solve the equation

7 sech x− tanh x = 5

Give your answers in the form ln a, where a is a rational number.
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2. (a) [3]Starting from the definitions of sinh x and cosh x in terms of exponentials, prove that

cosh 2x = 1 + 2 sinh2 x

(b) [5]Solve the equation

cosh 2x− 3 sinh x = 15

giving your answers as exact logarithms.

Total: 8
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3. [4]Given that

y = arctanh
x√

(1 + x2)

show that

dy

dx
=

1√
(1 + x2)
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4. [5]Solve the equation

5 tanh x+ 7 = 5 sech x

Give each answer in the form ln k where k is a rational number.
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5. Using the definitions of hyperbolic functions in terms of exponentials,

(a) [3]show that

sech2 x = 1− tanh2 x

(b) [4]solve the equation

4 sinh x− 3 cosh x = 3

Total: 7
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6. (a) [3]Given that y = x arcsin x, 0 ≤ x ≤ 1, find

i. an expression for dy
dx
,

ii. the exact value of dy
dx

when x = 1
2
.

(b) [5]Given that y = arctan (3e2x), show that

dy

dx
=

3

5 cosh 2x+ 4 sinh 2x

Total: 8

www.CasperYC.club/9FM0 Last updated: February 5, 2026 Page 6 of 13



9FM0 Unit Test – Core Pure – 13 Hyperbolic Functions

7. Using calculus, find the exact value of

(a) [4]
∫ 2

1
1√

(x2−2x+3)
dx

(b) [4]
∫ 1

0
e2x sinh xdx

Total: 8
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8. (a) [3]Prove that

d(arcoth x)

dx
=

1

1− x2

Given that y = (arcoth x)2,

(b) [5]show that (
1− x2

) d2y

dx2
− 2x

dy

dx
=

k

1− x2

where k is a constant to be determined.

Total: 8
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9. Given that y = arsinh(
√
x), x > 0,

(a) [3]find dy
dx
, giving your answer as a simplified fraction.

(b) [6]Hence, or otherwise, find ∫ 4

1
4

1√
[x(x+ 1)]

dx

giving your answer in the form ln
(

a+b
√
5

2

)
, where a and b are integers.

Total: 9

www.CasperYC.club/9FM0 Last updated: February 5, 2026 Page 9 of 13



9FM0 Unit Test – Core Pure – 13 Hyperbolic Functions

10. Given that y = (arcosh 3x)2, where 3x > 1, show that

(a) [5](
9x2 − 1

)(dy

dx

)2

= 36y,

(b) [4](
9x2 − 1

) d2y

dx2
+ 9x

dy

dx
= 18.

Total: 9
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11. (a) [3]Differentiate x arsinh 2x with respect to x.

(b) [7]Hence, or otherwise, find the exact value of

∫ √
2

0

arsinh 2xdx

giving your answer in the form A lnB + C, where A,B and C are real.

Total: 10
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12.

f(x) = 5 cosh x− 4 sinh x, x ∈ R

(a) [2]Show that f(x) = 1
2
(ex + 9e−x).

Hence

(b) [4]solve f(x) = 5,

(c) [5]show that ∫ ln 3

1
2
ln 3

1

5 cosh x− 4 sinh x
dx =

π

18
.

Total: 11
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13. (a) i. [5]Find, without using a calculator,

∫ 5

3

1√
15 + 2x− x2

dx

giving your answer as a multiple of π.

ii. [3]Show that

5 cosh x− 4 sinh x =
e2x + 9

2ex

(b) [4]Hence, using the substitution u = ex or otherwise, find

∫
1

5 cosh x− 4 sinh x
dx

Total: 12
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