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9FM0 Unit Test – Core Pure – 08 A2 Complex Numbers

1.

z = 3− 3i

(a) [3]Find the modulus and the argument of z

(b) [2]Using de Moivre’s Theorem, find z6

(c) [1]State the smallest value of n for which zn ∈ R.

Total: 6
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9FM0 Unit Test – Core Pure – 08 A2 Complex Numbers

2. (a) [2]Find an expression for sin2 θ in terms of e2iθ and −e2iθ.

(b) [2]Hence show that sin2 θ = 1−cos 2θ
2

.

Total: 4
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3. (a) [4]Use De Moivre’s Theorem to show that

cos 4θ = 8 cos4 θ − 8 cos2 θ + 1

(b) [4]Hence show that

cos
π

8
=

√
2 +

√
2

2

Total: 8
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4.

Figure above shows a coordinate diagram on which a regular pentagon has been inscribed in

a circle with centre O and radius 3. One of the vertices of the pentagon lies at (−3, 0). The

vertices of the pentagon represent the solutions of the equation

zn + c = 0

where n is an integer and c ∈ R.

(a) [2]State the values of n and c

(b) [4]Solve the equation zn + c = 0 giving complex solutions in the form z = reiθ where −π <

θ ≤ π.

Total: 6
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5.

z1 = 2 + 2
√
3i

(a) [3]Write the number z1 in the form z = reiθ

(b) [1]Write down the number z1
∗ in the form z = reiθ

(c) [4]Find z41 giving your answer in the form a+ ib where a and b are given exactly.

(d) [3]Given that z2 = 1+ i and that kz1
z2

= 4
√
z1 where k is a constant, find the positive real value

of k for which the equation is true.

Total: 11
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9FM0 Unit Test – Core Pure – 08 A2 Complex Numbers

6. (a) [5]Find the four roots of the equation

z4 = 8(
√
3 + i)

giving your answers in the form z = reiθ where −π < θ ≤ π.

(b) [2]Show these roots on an Argand diagram.

(c) [2]Find the area of the quadrilateral formed by joining together the points that represent these

roots.

Total: 9
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7. (a) [5]Use de Moivre’s theorem to show that

cos 6θ = 32 cos6 θ − 48 cos4 θ + 18 cos2 θ − 1

(b) [5]Hence solve for 0 ≤ θ ≤ π
2

64 cos6 θ − 96 cos4 θ + 36 cos2 θ − 3 = 0

giving your answers as exact multiples of π.

Total: 10
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8. (a) [7]Prove that
∞∑
r=0

(
1

2

)r

(cos rθ + i sin rθ) =
4− 2 cos θ + 2i sin θ

5− 4 cos θ

(b) [2]Find
∞∑
r=1

(
1

2

)r

(cos rθ + i sin rθ)

Total: 9
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9. (a) [5]Use de Moivre’s theorem to show that

cos 5θ = 16 cos5 θ − 20 cos3 θ + 5 cos θ

Hence, given also that cos 3θ = 4 cos3 θ − 3 cos θ,

(b) [6]find all the solutions of

cos 5θ + 5 cos 3θ = 0

in the interval 0 ≤ θ < 2π. Give your answers to 3 decimal places where appropriate.

Total: 11
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10. (a) [3]Given that z = cos θ + i sin θ, use de Moivre’s theorem to prove that

zn − 1

zn
= 2i sinnθ

(b) [4]Use the result z − 1
z
= 2i sin θ to prove that

sin3 θ =
p sin θ − sin 3θ

q

where p and q are integers to be determined.

(c) [5]The result z − 1
z
= 2i sin θ is used to obtain an expansion of sin13 θ in the form

sin13 θ = a sin θ + b sin 3θ + c sin 5θ + . . .

where the coefficients a, b, c etc are rational numbers. In this expansion, find the coefficient

of

i. sin 13θ

ii. sin θ

Total: 12
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11. (a) [5]Use de Moivre’s theorem to show that

sin 5θ ≡ 16 sin5 θ − 20 sin3 θ + 5 sin θ

(b) [5]Hence find the five distinct solutions of the equation

16x5 − 20x3 + 5x+
1

2
= 0

giving your answers to 3 decimal places where appropriate.

(c) [4]Use the identity given in (a) to find

∫ π
4

0

(
4 sin5 θ − 5 sin3 θ

)
dθ

expressing your answer in the form a+ b
√
2 where a and b are rational numbers.

Total: 14
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