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9FM0 Unit Test – Core Pure – 01 Proof by Induction

1. [5]Prove by induction that, for n ∈ Z
+,

n∑
r=1

1

r(r + 1)
=

n

n+ 1
.
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

2. [5]A series of positive integers u1, u2, u3, . . . is defined by

u1 = 6 and un+1 = 6un − 5, for n ≥ 1.

Prove by induction that un = 5× 6n−1 + 1, for n ≥ 1.
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

3.

f(n) = (2n+ 1)7n − 1.

(a) [3]Show that f(k + 1)− f(k) = (ak + b)7k, stating the values of the constants a and b.

(b) [4]Use induction to prove that, for all positive integers n, f(n) is divisible by 4.

Total: 7
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

4. [5]Prove by induction that, for any positive integer n,

n∑
r=1

r3 =
1

4
n2(n+ 1)2.
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

5.

f(n) = 2n + 6n.

(a) [3]Show that f(k + 1) = 6f(k)− 4
(
2k
)
.

(b) [4]Hence, or otherwise, prove by induction that, for n ∈ Z
+, f(n) is divisible by 8.

Total: 7
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

6. [6]Prove by induction that
n∑

r=1

r2 =
1

6
n(n+ 1)(2n+ 1).
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

7. [5]A sequence of numbers u1, u2, u3, u4, . . ., is defined by

un+1 = 4un + 2, u1 = 2.

Prove by induction that, for n ∈ Z
+,

un =
2

3
(4n − 1) .
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

8. A sequence can be described by the recurrence formula

un+1 = 2un + 1, n ≥ 1, u1 = 1

(a) [2]Find u2 and u3.

(b) [5]Prove by induction that un = 2n − 1.

Total: 7
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

9. [6]Prove by induction that, for n ∈ Z
+,

f(n) = 22n−1 + 32n−1

is divisible by 5.
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

10. Prove by induction that, for n ∈ Z
+,

(a) [7]f(n) = 5n + 8n+ 3 is divisible by 4,

(b) [7]⎛
⎜⎝
3 −2

2 −1

⎞
⎟⎠

n

=

⎛
⎜⎝
2n+ 1 −2n

2n 1− 2n

⎞
⎟⎠ .

Total: 14
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

11. (a) [6]Prove by induction that, for n ∈ Z
+,

n∑
r=1

r(r + 3) =
1

3
n(n+ 1)(n+ 5).

(b) [5]A sequence of positive integers is defined by

u1 = 1 (1)

un+1 = un + n(3n+ 1), n ∈ Z
+ (2)

Prove by induction that

un = n2(n− 1) + 1, n ∈ Z
+.

Total: 11
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

12. Prove by induction, that for n ∈ Z
+,

(a) [6]⎛
⎜⎝
3 0

6 1

⎞
⎟⎠

n

=

⎛
⎜⎝

3n 0

3 (3n − 1) 1

⎞
⎟⎠

(b) [6]f(n) = 72n−1 + 5 is divisible by 12.

Total: 12
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9FM0 Unit Test – Core Pure – 01 Proof by Induction

13. (a) [5]A sequence of numbers is defined by

u1 = 8 (3)

un+1 = 4un − 9n, n ≥ 1 (4)

Prove by induction that, for n ∈ Z
+,

un = 4n + 3n+ 1

(b) [5]Prove by induction that, for m ∈ Z
+,

⎛
⎜⎝
3 −4

1 −1

⎞
⎟⎠

m

=

⎛
⎜⎝
2m+ 1 −4m

m 1− 2m

⎞
⎟⎠

Total: 10
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